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STUDIES ON MODELING ANGULAR SOIL PARTICLES USING 
DISCRETE ELEMENT METHOD 
 
Amr M. Sallam 
 
ABSTRACT 
The Discrete Element Method was first introduced by Cundall and Strack (1979) 
to model granular soils within the context of geotechnical engineering.  The material is 
modeled as a random assembly of discrete elements.  Each particle interacts with 
neighboring particles through contact forces that can be built up and broken at any time.  
The particles were modeled as discs in 2-D or as spheres in 3-D.  Research studies have 
been conducted to improve the simulation of actual grain shapes.  Ashmawy et al. (2003) 
developed the overlapping rigid clusters (ORC) method to accurately model irregular 
particle shapes.  The idea relies on clumping a number of overlapping discs such that 
their coincides with that of the actual particle.   
In this dissertation, experimental verification program is presented.  An 
experimental setup was built and model-grains were manufactured in the laboratory.  A 
numerical simulation for the experimental test was carried out.  The numerical and 
experimental results were compared qualitatively and quantitatively.  A good agreement 
was observed within small displacements ranges.  However, results were considerably 
xviii 
different at large displacements.  Numerical results utilizing the ORC method were closer 
to the experimental results than those of discs.  A sequential and operator-independent 
procedure, which relies on the ORC concept, was developed.  Identical inertial properties 
between the actual particle and the model were ensured.  The new procedure was 
implemented for rounded and angular particles.  
The effect of particle shape and angularity on the strength and dilatancy 
characteristics of granular soils was investigated.  A modified shape factor, which relies 
on the work introduced by Sukumaran and Ashmawy (2001), was developed.  A series of 
pure shear testing simulations was performed on different shape and angularity particle 
groups. Angularity had a remarkable effect on strength and dilatancy properties compared 
to shape.  The effect of interparticle friction on dilatancy was studied.  An attempt was 
made to use an equivalent interparticle friction to model different particle shapes.  It was 
concluded that there is no one-to-one equivalency between interparticle friction and 
shape or angularity.  Instead, the interparticle friction must be continuously altered as a 
function of confining pressure and void ratio to achieve the required effect.         
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CHAPTER ONE: INTRODUCTION 
Modeling granular materials has been a challenging topic for decades.  The 
particulate nature of granular materials controls their engineering behavior.  The 
continuum assumption has been used to idealize soils and rocks, and numerical solution 
techniques such as finite element, finite difference, and boundary element methods have 
been successfully used to model these materials.  The continuum mechanics models are 
phenomenological and are primarily concerned with the mathematical modeling of the 
observed phenomenon without giving detailed attention to the fundamental physical 
significance (Sitharam, 1999).  The discrete nature makes the constitutive relationship 
complex and needs an excessive number of parameters to be able to model the behavior 
accurately.  Another alternative is to model the granular materials experimentally using 
photo-elastic materials (De Josselin De Jong and Veruijit, 1950).  This approach 
presented a physical basis for understanding the behavior of granular soils, but is 
experimental rather than numerical and is limited in terms of its ability to model real 
systems.   
The discrete element method (DEM) offers an alternative approach to simulate 
the behavior of granular materials.  The particulate nature is automatically simulated as 
particles are discrete and forces are transferred through the contacts between particles.  
The method can handle a wide range of materials constitutive behaviors, contact laws,
2 
 and arbitrary geometries.  The Discrete Element Method (DEM) for modeling granular 
soils within the context of civil engineering was first introduced by Cundall and Strack 
(1979).  The particles were modeled as a random assembly of discrete discs.  Many 
research studies have since been conducted to improve the simulation of angular grain 
shapes. 
1.1 Modeling of angular particles 
In the DEM scheme proposed by Cundall and Strack (1979), the granular particles 
were modeled as discs in 2-D simulations and as spheres in 3-D simulations.  Modeling 
non-circular particles, in both 2D and 3D, has been proposed in different research studies.  
Among those, are the utilization of mathematical functions to describe non-circular 
outlines, the approximation of the particle shape using polygons, and the combination 
several circular outlines into a cluster to form more complex shapes.  Ashmawy et al 
(2003) proposed the use of overlapping rigid clusters (ORC) to more accurately simulate 
angular particle shapes.  The ORC method relies on clumping a number of overlapping 
discs such that the resulting outline coincides with and is almost identical to the actual 
particle’s outline.   
Verification of the ORC method is essential in order to evaluate the accuracy and 
significance of the new procedure, which is the first part of the dissertation.  An 
experimental validation program was carried out, which involves: 
1. Designing and building an experimental setup that allows tracking 
translations and rotations of model-grains resulting from an external 
disturbance. 
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2. Numerically simulating the experimental setup using PFC2D, with the 
same initial and boundary conditions and material properties. 
3. Tracking the positions and rotations of model-grains in both the 
experimental and numerical tests. 
4. Qualitatively and quantitatively comparing the experimental and 
numerical results to verify the effectiveness of the ORC method. 
5. Performing a parametric study to determine the effect of interparticle 
friction, contact stiffness, and global damping on the numerical results.   
Although the ORC technique can accurately simulate the granular particle shapes, 
the technique doesn’t ensure that the center of gravity or the mass moment of inertia of 
both the actual and the created particles are identical.  Modifications need to be made to 
ensure that the actual and the created particles have identical inertial properties, which is 
the second part of the dissertation.  Another issue is that the elements within a particle 
were created manually without a certain ruled sequence.  In order to generalize the ORC 
method, an operator-independent and automated procedure for clumping the discs is 
required (this issue is also included in the second part of the research).  Having such an 
automated procedure will allow the creation of a large number of operator-independent 
model-particles in a short time compared to manual model-particle creation, which will 
ensure more realistic and accurate numerical modeling. 
1.2 Effect of shape and angularity on dilation of granular soils 
Dilation of granular soils plays an important role in their stress and strain 
characteristics.  The dependence of dilation on both the density and the confining 
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pressure has been studied and empirical and theoretical correlations have been introduced 
(i.e. Rowe1962, Bolton 1986, Li and Dafalias 2000).  The dependency of dilatancy on 
particle shape has been pointed out in many research studies.  Discrete element modeling 
has been used to explore the dependency of dilatancy on particle shape (i.e. Ting et al. 
1995, and Ni et al. 2000).  Ellipses with different aspect ratios, polygons, and clusters 
were used to simulate irregularly shaped particles.  Utilizing the ORC method proposed 
by Ashmawy et al. (2003), angular shapes can be more accurately simulated.  The third 
part of the dissertation explores the effect of particle shape and angularity on the 
dilatancy of granular materials making use of the ORC method.  Particle shape is 
characterized using the shape factor and the angularity factor introduced by Sukumaran 
(1996) and Sukumaran and Ashmawy (2001).  
1.3 Organization of the study 
1.3.1 Chapter one: introduction 
This chapter includes general introduction about modeling of granular soils using 
the discrete element method, modeling angular shapes, and soil dilatancy.  The objectives 
of the research are then explained and the organization of the study is introduced. 
1.3.2 Chapter two: literature review 
This chapter presents a literature review of the following topics: 
1. The definition of discrete element modeling, comparing DEM and FEM, 
and earlier published work on DEM and modeling non-circular particles. 
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2. Dilatancy of granular materials, the development of the dilatancy theory, 
and state dependent dilatancy. 
3. Conventional and modern methods used to characterize particle shapes 
and the method introduced by Sukumaran (1996) and Sukumaran and 
Ashmawy (2003). 
1.3.3 Chapter three: experimental verification of modeling angular sand particles 
using DEM 
This chapter includes the experimental and numerical work that has been 
conducted to verify the ability of the DEM to model angular particles using the ORC 
method.  The chapter is organized as follows: 
1. The experimental program (material, test setup, image distortion effect, 
procedure, and experimental results). 
2. Numerical simulations for the experimental setup. 
3. Qualitative and quantitative comparisons between the experimental and 
the numerical results. 
4. Parametric study (the effect of interparticle friction, contact normal 
stiffness, and global damping).  
1.3.4 Chapter four: the modified overlapping rigid clusters  
This chapter includes the alteration that has been introduced to the ORC method 
to overcome the difference in center of gravity and mass moment of inertia between the 
actual and the generated particles.  The chapter is organized as follows:  
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1. The operator-independent particle creation procedure. 
2. The compatibility equations and their application to the particle creation 
procedure using the modified ORC method. 
3. Verification of the proposed method using an angular particle as well as a 
round particle. 
1.3.5 Chapter five: effect of particle shape and angularity on the dilation of granular 
soils 
This chapter includes the numerical study performed to explore the dependency of 
the dilatancy of granular soils on particle shapes and angularity.  The simulations were 
performed using PFC2D together with the ORC method to accurately model the angular 
shapes.  The shape and angularity factors introduced by Sukumaran and Ashmawy (2001) 
are used to define the particle shape and angularity groups.  The chapter is organized as: 
1. A background section that contains a brief review of dilatancy for granular 
soils, dilatancy and DEM, and particle shape characterization. 
2. Modification of the particle shape and angularity factors proposed by 
Sukumaran and Ashmawy (2001). 
3. Separation of particle groups with respect to shape and angularity factors. 
4. Numerical simulations for pure shear testing in drained conditions 
(material properties, boundary conditions, and loading procedure).  
5. Results for different groups of shape and angularity. 
6. Control of interparticle friction angle to account for dilatancy.  
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1.3.6 Chapter six: conclusions and recommendations 
In this chapter, conclusions are introduced and recommendations for further 
future studies within the same context are stated.  More ideas that can be considered an 
extension of the study and need to be investigated are also presented. 
1.3.7 Appendix A: theory and background of DEM 
  In this appendix, the detailed theory for the discrete element scheme developed 
by Cundall and Strack (1979) is introduced.  The Calculation cycle, force-displacement 
law, motion, damping, energy dissipation, time step, input parameters, and contact 
constitutive models are explained briefly. 
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CHAPTER TWO: LITERATURE REVIEW  
Numerical modeling, supported with an accurate simulation of test conditions, 
soil parameters, constitutive models (FEM), and contact models (DEM), is a powerful 
tool to study physical phenomena.  Numerical modeling provides the capability of 
performing extensive parametric studies because a large number of runs can be 
performed in a relatively short period of time.  On the other hand, inaccuracies in 
determining soil parameters can affect the numerical modeling results dramatically.  
Experiments, however, reflect the actual behavior of the material provided that all the 
field conditions have been accurately simulated.  The time consuming cost associated 
with building experimental setups are the main obstacles for the experimental work.    
Studying a certain phenomenon experimentally and confirming the results numerically 
may be the best approach and can reliably capture the response of the system with 
minimal cost. 
2.1 Discrete element method for modeling granular media  
    The particulate nature of the granular material usually governs the behavior of 
these materials.  Pressure-dependent shear strength and stiffness, dilatancy, pressure 
history, and continuously non-linear stress-strain response are essential properties when 
studying the behavior of granular media.  
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The Discrete Element Method (DEM) for modeling granular soils was first introduced by 
Cundall and Strack (1979).  The material is modeled as a random assembly of discrete 
elements, which is a better representation of the particulate nature of granular soils.  Each 
particle interacts with neighboring particles through contact forces that can be built up 
and broken at any time.  Different types of bonds can be applied between particles to 
simulate phenomena such as cementation.  The particle assembly is governed by 
boundary and loading conditions.  The DEM solves the dynamic equilibrium equations 
for each element subjected to either body or boundary forces.  The method is capable of 
analyzing multiple interacting deformable continuous, discontinuous or fracturing bodies 
undergoing large displacements and rotations.  In the scheme developed by Cundall and 
Strack (1979), the interaction between particles is monitored, contact by contact, and the 
instantaneous motion of the particles is computed accordingly.  Deformation of the 
particles is not allowed.  Instead, the particles are capable of "overlapping" at contact 
points as an alternative method to modeling individual particle deformation.  
In DEM, the equilibrium contact forces and displacements are determined through 
a series of calculations tracing the movement of the individual particles.  These 
movements are the results of the propagation, through the medium, of disturbances 
originating at the boundaries (Cundall and Strack, 1979).  The discrete element method, 
in the version proposed be Cundall and Strack (1979), is based on the idea that a small 
enough time step should be chosen to ensure that, during a single time step, disturbances 
do not propagate from any disc further than its immediate neighbors.  The detailed theory 
10 
including motion, contact force calculations, kinematics, and damping is presented in 
detail in appendix A. 
2.1.1 DEM versus FEM for modeling granular soils 
Cundall (2002) argued that “the case is made that continuum methods such as 
Finite Element Method (FEM) for rock and soil may be completely replaced by particle 
models such as DEM in 10-20 years”.  While complex constitutive models and many 
parameters are required to model the complex behavior of a soil matrix in FEM, only few 
parameters are needed in the DEM because the behavior complexity arises as a 
manifestation of the discrete nature of the system.  Continuously non-linear stress/strain 
behavior, dilation related to mean stress, transition from brittle to ductile behavior, 
hysteresis and memory, and non-linear stress envelopes, appear automatically in a 
particle model (Cundall, 2002).  The DEM model exhibits localization which is difficult 
to capture in a continuum model that uses a continuous mesh. 
2.1.2 Earlier published work in DEM 
After the pioneer work of Cundall and Strack (1979) in developing the first 
discrete element scheme that can be used to model granular soils, researchers have started 
evaluating and improving the technique.  Some of the corresponding fields of study are as 
follows:  
1. Fundamental investigation and application of the DEM in granular soils, 
cohesive soils, and powders. 
2. Rock mechanics. 
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3. Experimental and theoretical verification of the DEM. 
4. Modeling different particle shapes. 
5. Developing different contact models. 
6. Coupled modeling methods. 
7. Large-scale and industrial applications.   
Dobry and Ng (1992) presented an extensive survey of the research studies that 
had been performed on the applications of the discrete element method from 1982 to 
1992.  The survey included 42 references in DEM applications.  The results of the 
literature survey were re-tabulated and shown in tables (2-1) and (2-2).  They developed a 
program called “CONBAL-2” (CONTACT +TRUBAL in 2D) which is based on 
TRUBAL created by Strack and Cundall (1978).  Cyclic strain-controlled loadings at 
constant volume on an isotropically consolidated random assembly of grains were 
performed to simulate undrained loading, and the results were comparable to these 
obtained by Seed and Idriss (1984).  
2.1.2.1 Fundamental investigations: monotonic and cyclic shear testing  
Many research studies were performed to investigate the fundamental granular 
soil behavior using the DEM, especially in monotonic and cyclic shear tests.  Ni et al. 
(2000) studied the effects of the micro-properties of granular material on its shear 
strength and shear stress-strain behavior.  Three dimensional DEM simulations of the 
direct shear test were performed.  Granular particles were simulated by means of pairs of 
bonded balls.  The study revealed that: (i) the mobilized friction angle decreases with the 
increase of normal effective stress for both peak and residual values, (ii) the particle  
  
Table 2-1. Literature survey of DEM up to 1992 [ Source: Dobry and Ng (1996)] 
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shape plays an important role in the particle movement, (iii) the particle size relative to 
the shear box had an effect on the residual bulk friction angle and the volumetric dilation, 
and (iv) the particle friction contributes significantly to the shear strength as the sample 
starts to dilate.  Anandarajah (2000) modeled the behavior of kaolinite clay during one-
dimensional compression numerically using two dimensional DEM.  Three interparticle 
forces are considered in the analysis: (i) the mechanical forces, (ii) the double-layer 
repulsive forces, and (iii) Van der Waals attractive forces.  The numerical results were 
close to the behavior observed in the laboratory.   
Liu and Sun (2002) simulated a biaxial compression test on an assembly of 
circular rigid particles using the DEM by incorporating interparticle adhesive forces.  The 
collapse behavior during isotropic compression and biaxial shear were simulated by 
releasing the interparticle adhesive forces from the initial values to zero at constant mean 
compression pressure and constant stress ratio, respectively.  Qualitatively similar results 
between the numerically simulated test and the triaxial test on unsaturated compacted 
clays were obtained.   
Mirghasemi et al (2002) reported the results of isotropic loading-unloading and 
biaxial shear simulations on assemblies of polygon-shaped particles with different 
particle angularity.  The linear contact law was adopted.  The average number of contacts 
in the assembly was found to be increasing with the increase of angularity.  Also it was 
found that when the number of particle edges increases, the amount of rotation decreases.  
The assembly of angular particles was found to be more compressible. When more edge-
to-edge contacts are established, less voids space between particles remains and a more 
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compacted assembly is then gained.  The generated assemblies were subjected to a series 
of numerical biaxial loading-unloading simulations and it was observed that in addition to 
initial density and coordination number, there are other factors, such as angularity, that 
influence the shear strength of angular materials.  In the macroscopic level, they 
concluded that when the angularity decreases, the maximum shear resistance occurs at 
lower axial strain.  At large strains, the angle of internal friction was found to be a 
function of angularity.  During biaxial simulation, the round particles reached a steady 
state at lower values of strains than the angular particles.  The maximum volume change 
of the angular particles was found to be greater than that of the round particles. 
Sitharam et al (2002) presented numerical simulation results of isotropic 
compression and triaxial static shear tests under drained and undrained stress paths on 
poly-disperse assembly of loose and dense spheres.  The numerical simulation has 
periodic variation in space.  They concluded that the specific volume-logarithmic mean 
principal stress relationship is non-linear and stress dependent.  The compression paths 
were parallel at low stresses and tend to converge at high stresses.  The initial 
arrangement of particles had an important influence on the behavior during shear tests. In 
drained tests, the initial state was found to have an effect on the pre-steady-state behavior 
of loose and dense assemblies at constant confining pressure, while at steady state their 
behavior was unique in terms of macroscopic strength of the assembly.  In undrained 
tests, the initial state influenced the behavior of the assembly. 
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2.1.2.2 Contact models is DEM 
The contact model that governs the interpretable forces has received extensive 
interest in research studies. The two most common contact models utilized in the DEM 
are the linear elastic contact model and the Hertz-Mindlin contact model.  Formulations 
for both models are explained in Appendix A.  Mindlin and Deresiewicz (1953) 
introduced an investigation of the phenomena occurring at the contact surfaces of elastic 
spheres subjected to a variety of applied normal and tangential forces.  Hertz (1951) 
considered only the forces normal to the contact surfaces.  After Hertz, some 
investigators studied the effect of forces tangential to the contact surface and revealed the 
necessity of taking slippage into account.  Voyiadjis et al. (1992) proposed a formulation 
for an anisotropic distortional yield model for granular media.  The model applied the 
numerical solution for the Hertz-Mindlin problem of the contact of two elastic, rough 
spheres subjected to oblique compression.  A series of hollow cylinder cyclic triaxial 
laboratory tests, in which both axial and torsional loads were applied to glass bead 
specimens was performed and the results were confirmed using three-dimensional 
numerical simulations performed along the same stress path. 
Zhang and Whiten (1996) studied the different methods used to calculate contact 
forces between particles using spring and damping models and unrealistic behavior was 
found for most of these methods.  The non-linear formula of Tsuji (1992) along with the 
particle separating when the force returns to zero rather than when the distance between 
the centers exceeds the sum of the radii was found to give realistic results.  Zhang and 
Whiten (1999) presented a new calculation method for particle motion in the tangential 
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direction in discrete element simulations.  They stated that the dynamic friction model 
used for tangential calculations should include sliding and rolling friction models.  A 
simple coefficient of rolling friction was found to be insufficient for the purpose of 
determination of linear and angular motion in discrete element simulation.  Zhang and 
Whiten (1999) presented a method for the tangential friction calculations.  Detailed 
tangential calculations, sliding calculations, rolling calculations, updating particle motion, 
and the change of friction mode were introduced.  The tangential calculation can be 
easily applied in conjunction with the efficient normal calculation method proposed by 
Zhang and Whiten (1996).  The simulation results appear to correspond well with the 
known properties of friction. 
2.1.2.3 Coupled DEM and FEM 
Coupled FEM and DEM simulations have been conducted such as that introduced 
by Barbosa and Ghaboussi (1992).  They introduced a method that can be used for 
modeling multiple interacting deformable bodies.  The method was based on the 
assumption that deformation modes can be decoupled from rigid body motion.  In this 
method, each deformable body was treated as an individual discrete unit, which was 
idealized by a finite element model.  The discrete units may undergo large displacements 
and rotations.  The interactions between these units occurred through contact forces that 
were continually updated. 
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2.1.2.4 Experimental verification of DEM 
Experimental verification of the ability of the DEM to capture the behavior of the 
granular soils has been of interest for many years.  Hryciw et al (1997) presented an 
automated video tracking and digital image analysis system that was developed to obtain 
soil particle displacement fields and velocities from small-scale laboratory experiments.  
A three-dimensional simulation of a laboratory plowing experiment was performed in 
which a one-to-one correspondence was achieved between the number of particles and 
their size distribution in simulation and physical experiment.  The video tracking data 
were used to evaluate the numerical simulation in modeling the experiment kinematics.  
Good agreement was found between the experimental and the simulated deformation 
patterns.  
Ng and Changming (2001) presented a comparison between a granular material 
studied experimentally in simple shear and numerical modeling using DEM.  Simple 
shear tests were conducted inside the magnetic core of magnetic resonance imaging 
(MRI) equipment.  Spherical pharmaceutical pills of were used as the granular material.  
The center of each pill was determined by the MRI.  An experimental study was 
performed to determine the pharmaceutical pills properties required for the numerical 
modeling.  Good agreement was found at both levels.  Excellent agreement was found up 
to 10% shear strain.  Beyond that, the peak shear points in the numerical results were 
slightly lower than those in the experimental results. 
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 2.1.2.5 Other applications  
Mcdowell and Harireche (2002) presented a DEM simulation for the behavior of 
sands in one-dimensional compression.  The yield stress was taken to correspond to the 
point of maximum curvature on the plot of void ratio versus logarithm of stress.  A single 
soil grain was modeled as an agglomerate of balls bounded together.  Balls have been 
removed randomly from each agglomerate to simulate flaws.  The yield stress was found 
to be reducing with the increase of agglomerate size.  The values of the yield stress 
predicted by the model were found to be lower than those of the experiments performed 
on silica sand.  The authors attributed this deviation to the difference in shape between 
the silica sand particles and the agglomerates.  
2.1.3 Modeling non-circular particles 
In the DEM scheme proposed by Cundall and Strack (1979), the granular particles 
were modeled as discs in 2-D simulations and as spheres in 3-D simulations (fig. 2-1).  
The resistance to rotation is much less for circular particles compared to that of the actual 
particles.  Circular particles have an inherent tendency to roll.  The macroscopic angle of 
shearing resistance for circular particles modeled using DEM is much less than that of the 
actual irregular particle assembly.  However, the contact detection for the circular 
particles does not need complicated algorithms, and also the direction of the contact 
normal force is always toward the center.  As such, the computed normal contact forces 
never contribute to the moment acting on a particle as each normal contact force always 
acts in the direction of the particle centroid.  Different particle shapes rather than 
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discs/spheres were proposed, in many research studies, to be used in DEM simulations in 
order to improve the numerical simulation.  
Polygon particles were presented by Barbosa and Ghaboussi (1992) and Matuttis 
et al (2000).  Figure (2-2) shows a sample of polygon-shaped particles.   A more realistic 
representation of the particle behavior can be achieved using polygon-shaped particles; 
however the method is computationally intensive.   
Ting et al (1993) realized that ellipse-shaped particles have fewer tendencies to 
rotate and also have a unique outward normal.  They developed a numerical algorithm for 
the DEM using two-dimensional ellipse-shaped particles (fig. 2-3).  A robust algorithm 
for computing particle-to-particle and particle-to-wall contacts was derived.  The results 
of the validation tests indicated that the ellipse-based DEM resulted in mechanical 
behavior that was similar to that of real soils.  Ellipse-shaped particles, however, do not 
accurately represent the particle shape.  Ng (1994) developed a new program called 
ELLIPSE2.  The new program was used to explain the stress-strain behavior of granular 
soils under monotonic drained compressive loading and cyclic constant volume loading 
at various shear strains.  A 2-D random assembly of elastic rough quartz particles was 
used to simulate the granular soil particles.  Good agreement was observed between the 
numerical and the experimental results.  The results confirmed that DEM simulations 
using an assembly of circular and elliptical particles give a better representation of the 
behavior of granular soils.  Ting et al (1995) studied the influence of the contact of two-
dimensional ellipse-based particle on their interaction.  The samples were isotropically 
compressed and then sheared in biaxial compression.  In order to assess the relative  
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Figure 2-1. Two circular particles in contact 
[Source: Cundall and Strack (1979)]  
Figure 2-2. Polygon-shaped particles 
[Source: Matuttis et al. (2000)]  
 22 
 
importance of rolling and sliding, the contact deformation were separated into portions: 
(i) due to individual particle rotation, and (ii) due to particle translation.  This 
decomposition demonstrated that particle rotation accounts for twice as much contact 
motion for round particles as particle translation.  Lin and Ng (1997) developed a new 
3D-ellipsoid-based DEM code called ELLIPSE3D.  A numerical study on the mechanical 
behavior of mono-sized particle arrays using the developed ELLIPSE3D program was 
performed.  Higher shear strength, larger initial modulus, more dilation, and less particle 
 
(a) 
(b) (c) 
Figure 2-3. Ellipse-shaped particles: (a) particle assembly, (b) two ellipses in contact, 
(c) contact between an ellipse-shaped particle and a wall 
[Source: Ting et al. (1993)]  
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rotation were observed with the ellipsoid assembly during the triaxial test.  The results 
demonstrated that using non-spherical particles in discrete element modeling is essential 
to improve the simulations of granular materials. 
Potapov and Campbell (1998) proposed a computationally efficient model for the 
discrete element simulation of non-round particles.  The idea is to approximate the ellipse 
by an oval shape whose boundary is determined by four circular arches of two different 
radii that are joined together in a continuous way (fig. 2-4).  More complex shapes can be 
reproduced by changing the radii of the arches.  The idea is computationally efficient 
because the determination of the contact and overlap between two circular arch segments 
is very similar to that of circles in the original DEM code.  The application of the idea in 
3-D was not presented.  A direct test of the method’s performance indicated that it is very 
effective and less than two times slower than the corresponding circular models. 
Favier et al (1999) presented a method to model axisymmetrical particles as 
multi-sphere discrete elements.  The particles are re-generated using overlapping spheres 
with fixed rigidity with respect to local coordinate system (fig. 2-5).  The method can 
theoretically model any shape, however highly angular particles cannot re-generated 
properly.  Favier et al. (2001) used the proposed method to model the discharge of 
ellipse-shaped particles through an orifice in a flat bottom hopper.  The simulations were 
compared to the experimental results at the same scale.  A good agreement was noticed 
between the flow behavior pf the simulated and physical particle assemblies for all orifice 
sizes.     
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Figure 2-4. Oval-shaped particles 
[Source: Potapov and Campbell (2000)]  
Figure 2-5. Axisymmetrical particles: (a) sample particles, (b) contact between two 
multi-element particles  
[Source: Favier et al. (1999)]  
(a) (b) 
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2.1.3.1 Modeling angular particles as rigid clusters 
Jensen et al (1999) introduced the clustering technique by combining a number of 
spherical-shaped particles in a semi-rigid configuration, which is a better representation 
of natural soil particles (fig. 2-6).  Any number of particles to form a cluster as long as 
they rotate and translate as a rigid body.  The interparticle contacts within the cluster are 
constrained to be linear-elastic with a high stiffness.  Thomas and Bray (1999) presented 
a different idea for clustering by imposing kinematics restrictions on discs within a 
cluster to prevent relative translations and rotations.  Although these techniques represent 
some improvement over earlier methods, the simulated particle outlines did not resemble 
those of actual particles.  In addition, a substantial increase in computational time was 
incurred due to the high contact stiffness required within the cluster. 
 2.1.3.2 Overlapping rigid clusters (ORC) technique 
Ashmawy et al (2003) proposed the use of Overlapping Rigid Clusters (ORC) 
technique to accurately simulate angular particle shapes.  A set of subroutines were 
introduced to PFC2D using Itasca’s software-specific programming language, Fish.  The 
built-in clump logic command was instrumented in formulating the new method.  The 
clump logic allows temporary or permanent rigid bonding between several disk elements 
without detecting contacts or calculating contact forces between elements belonging to 
the same clump, which increases computational efficiency.  The ORC method relies on 
clumping number of overlapping discs such that the resulting outline coincides with and 
is almost identical to the actual particle’s outline.  First, two-dimensional outlines of a 
series of particles are obtained using a digital microscope or scanner.  Overlapping circles  
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Figure 2-6. (a) Outline of sand particle, (b) DEM disc element superimposed over sand 
particle, (c) a number of DEM disc particles are joined together is a rigid 
conifiguration (Cluster), (d) several possible combination of discs to form clusters  
[Source: Jensen et al. (1999)]  
Figure 2-7.  Disc elements inscribed within a particle outline to capture the shape 
[Source: Ashmawy et al. (2003)]  
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are then inscribed within the outline to capture the shape, as shown in fig. (2-7).  The 
number of overlapping circles that can accurately represent the actual particles depends 
on:  
1. The degree of non-uniformity in the original particle shape and angularity. 
2. The desired level of geometric accuracy. 
3. The required computation time limit.  
Typically, ten to fifteen disks will adequately capture the “true” shape of a 
particle. 
Due to overlapping, the density of each disk must be scaled to ensure that the 
mass of the particle remains proportional to the area, regardless of the number of discs or 
level of overlap.  An approximate method was proposed to scale the density as follows: 
 p
d
p
d A
A ρ×Σ=ρ  (2-1) 
where ρd is the density of the disk elements, Ap is the area of the particle, ΣAd is the sum 
of the areas of the disk elements, and ρp is the density of the soil particle.  Equation (2-1) 
ensures that the mass of the particle is proportional to the area but it neither guarantees 
that the moment of inertia nor the center of mass of the ORC particle is identical to that 
of the actual particle.  In situations where dynamic moments and rotational accelerations 
are significant, modifications need to be made by either adjusting the relative mass of the 
disk elements, or superimposing inertia balancing elements at specific points.  The ORC 
method is implemented within PFC2D by means of a series of Fish functions that convert 
a particle assembly of discs into their corresponding angular particles as follows: 
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1. Particles are automatically generated as discrete circular elements using 
any of the built-in particles generation techniques. 
2. The shape conversion algorithm is invoked to transform each circular 
particle into an angular equivalent through replacement with a 
corresponding set of disc elements, selected randomly from a library of 
available particle shapes. 
3. A random rotation between 0 and 360º is applied to each transformed 
particle to avoid preferred orientations and subsequent system anisotropy.   
Figure (2-8) shows a random assembly of circular particles that have been 
transformed to the corresponding angular shapes using the ORC method.  In order for the 
system to remain computationally stable throughout the solution, it is necessary that the 
computational time step, ∆t, remains below a critical value of 2/ωmax, where ωmax is the 
highest eigen frequency of the system.  Because ωmax changes every time the particle 
positions change, the eigen frequencies must be recalculated every time step by solving 
the global stiffness matrix, which is highly inefficient.  Instead, an approximate critical 
 
Figure 2-8.  Random assembly of eight circular particles (left) and the transformed 
equivalent particles (right) 
[Source: Ashmawy et al. (2003)]  
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time step, ∆tc, is calculated from: 
 { }iic k/mmint =∆  (2-2) 
where mi and ki are the mass and equivalent stiffness of disk element i, respectively 
(Itasca, 1999).  To ensure stability, the actual time step during computation is taken to be 
0.8 ∆tc.  Because each angular particle consists of a clump of smaller disk elements with  
scaled (smaller) densities, the critical time step calculated from Eq. (2-2) is highly over-
conservative, and the corresponding computation time is unnecessarily long.  To rectify 
this problem, the critical time step is adjusted to correspond to the mass and stiffness of 
the clump, not the individual disk elements.  The efficiency of the solution is thus 
preserved without compromising the numerical stability of the system. 
To verify the ORC technique, Ashmawy et al. (2003) created particle assemblies 
of various degree of angularity.  The assemblies were subjected to a simulated undrained 
cyclic shear conditions to asses their liquefaction susceptibility.  The numerical model 
was able to capture the soil behavior closely.  The findings indicated that at the maximum 
void ratio, the susceptibility to liquefaction is independent of voids ratio.  The influence 
of particle morphology on liquefaction susceptibility was found to be significant in the 
case of sands prepared at the same void ratio. 
2.2 Dilatancy in granular soils 
The first referenced dilatancy was made by Professor Osborne Reynolds (1885).  
He stated, “Without attempting anything like a complete dynamical theory, which will 
require a large development of mathematics, I would point out the existence of a singular 
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fundamental property of such granular media which is not possessed by known fluids or 
solids.  I have called this unique property of granular masses “Dilatancy”, because the 
property consists in a definite change of bulk, consequent on a definite change of shape 
or distortional strain, any disturbance whatever causing a change of volume and general 
dilation”.  Reynolds (1885) showed that dense sands expand at failure whereas loose 
sands contract during shear to failure.  This proves that particle movements during 
deformation and failure are not necessarily in the direction of applied shearing stress.   
Mohr-Coulomb failure criterion is the most commonly used failure criterion in 
geotechnical engineering.  Closer investigations revealed that soil behavior is more 
complex than that described by that model (Houlsby 1991).  Terzaghi (1920) stated that 
“the fundamental assumption of the traditional earth pressure theories cannot, in fact, 
stand even superficial examination.  The fundamental error was introduced by Coulomb, 
who purposely ignored the fact that sand consists of individual grains, and who dealt with 
the sand as if it were a homogeneous mass with certain mechanical properties.  
Coulomb’s idea proved very useful as a working hypothesis for the solution of one 
special problem of the earth-pressure theory, but it developed into an obstacle against 
further progress as soon as its hypothetical character came to be forgotten by Coulomb’s 
successors”. 
The stress stain diagram for dense sand exhibits a peak followed by a reduction in 
the stress at large strain, whereas for loose sands, no peak is usually observed (fig. 2-9).  
The volumetric strain corresponding to shearing of the dense sand shows that dilation 
occurs as the test proceeds after a small initial compression.  The magnitude of this 
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dilation depends on the soil density, confining pressure, grain size distribution, and 
particle shape, as described later in details.  If tests of the same soil under the same 
density were carried under different levels of confining pressures, the corresponding 
dilations will be different.  The result is that the failure envelope is curved in the Mohr-
Coulomb plot, with the peak angle approaching the large strain friction angle at very high 
stress levels (fig. 2-10).  Understanding the rule of dilation is essential to explain the peak 
and large strain angles and the reduction of peak strength with stress level. 
2.2.1 Friction angle, dilation angle, and dilatancy  
The angle of friction (φ\) can be expressed as the ratio of the shear stress to the 
stress normal to shearing plane as follows:  
 \
3
\
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\
3
\
1\sin σ+σ
σ−σ=φ  (2-3) 
On the other hand, the dilation angle, ψ, can be expressed as the ratio between a 
volumetric strain rate and a shear strain rate.  For the case of plane strain, it can be 
defined as: 
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Figure 2-9. Dilation of dense sand during simple shear test 
[Source: Houlsby  (1991)]  
Figure 2-10. Curved peak strength envelope on Mohr-Coulomb plot 
[Source: Houlsby  (1991)]  
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The angle of dilation is positive when the soil dilates and is negative when the soil 
contracts.  The graphical representations of the angle of friction and the angle of dilation 
are shown in fig. (2-11).  The angle of dilation should strictly be defined in terms of the 
plastic components of the strain rates.  For most soils, the elastic stiffness is sufficiently 
high such that the elastic strains are much smaller than the plastic strains and the total 
strain rate can be used as in the previous equation.  Dilatancy (d), however, is defined as 
the ratio of plastic volumetric strain increment to the plastic deviator strain increment as 
follows: 
 ψ=ε−ε
ε+ε−=γ
ε−= sin
d
d
d
31
31v
&&
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 (2-5) 
2.2.1.1 Relation between friction and dilation angles  
If we consider a frictional block that slides on top of a flat plane that has an angle 
of friction of φ\cv, the ratio between the shear and the normal stress can be expressed as: 
 \cv\
n
tanφ=σ
τ  (2-6) 
where, φ\cv is the critical state shearing resistance angle (constant volume).  The simplest 
way to understand the relation between the friction and the dilation angles is to consider 
the sawtooth model shown in fig. (2-12).  The teeth angle with respect to horizontal is ψ, 
whereas, the same angle of friction acts on the teeth of the saw.  The ratio between the 
normal and the shear stresses and an expression for the friction, dilation, and critical state 
angles can easily be derived using simple statics as: 
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Figure 2-11. Angles of friction and dilation 
[Source: Houlsby  (1991)]  
Figure 2-12. The sawtooth model for dilatancy 
[Source: Houlsby  (1991)]  
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   ( )ψ+φ=φ=στ \cv\\n tantan   (2-7)   
 ψ+φ=φ \cv\  (2-8) 
This type of relation is usually called “Flow Rule” (Houlsby 1991).  Another 
approach to correlate the friction and the dilation angles is that proposed by Taylor 
(1948), who suggested an energy correction to account for dilation.  All friction 
relationships were expressed in terms of energy dissipation.  In a simple shear setup, the 
dissipated work can be assumed to be proportional to both normal and shear stresses.  His 
results can be expressed as: 
 ψ+φ=φ tantantan \cv\  (2-9)   
This relation is slightly different from the sawtooth model but still reveals the 
same trend.  Another form is that proposed by Taylor, followed by Skempton and Bishop 
(1950) separated the strength component due to friction from that due to expansion / 
dilation in the direct shear test as follows: 
 ∆−= δ
δφφ Vr maxtantan  (2-10) 
where φr is the residual shearing resistance angle, φmax is the angle of friction obtained by 
fitting Coulomb’s equation for direct shear test with c = 0, to the observed peak stress 
ratio, δV is volume expansion per unit area, and δ∆ is the equivalent shear displacement.  
Bishop (1954) developed a similar expression for the triaxial test: 
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where σ1\ and σ2\ are the major and minor effective stresses, V/V&δ  is the rate of the unit 
volumetric change, and 1ε&  is the rate of the major principal strain change.  Newland and 
Allely (1957) considered the resultant direction of movement during dilation and 
determined expressions for the reduced value of the angle of shearing resistance corrected 
for energy due to expansion, denoted by φf, as follows: 
 θ+φ=φ fmax  (2-12)     
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The value of the angle φf is different from φr.  The difference is found to arise 
from the fact that the sample has also to expand against the component of the reaction on 
the plane of contact resolved in the vertical reaction, so it should be noted that φf  < φr.  A 
very similar approach was used in the development of the Cam-Clay model by Schofield 
and Worth (1968).  The final expression is very similar to Taylor’s expression and can be 
summarized as: 
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2.2.1.2 True and critical state friction angles  
The true angle of friction φµ between the mineral surfaces of the particles is a 
physical property that depends on the nature of the mineral, the properties of its surface 
roughness, and on the size of the load per particle (Bowden and Tabor 1954).  The true 
friction angle is less than the constant volume shearing resistance angle (Rowe 1962).  
Caquot (1934) integrated force acting in two directions at right angles over the surface of 
a sphere on the assumption that in the ultimate state, sliding occurs simultaneously on 
contact forces inclined in all the tangential directions of a spherical surface.  He derived 
the following expression: 
 µφπ=φ tan2
1tan cv  (2-16) 
Bishop (1954) also developed an approximate solution in the form: 
 
µ
µ
φ+
φ=φ
tan310
tan15
tan cv  (2-17) 
For a given material such as quartz, the angle of true friction depends on the size 
of the load per particle, which can vary by a factor of 104 between pebbles and silt-sized 
particles, for a given average effective stress (Rowe 1962).  As a result \cvφ  for quartz in 
water varies from 31° maximum for silt to 22° for pebbles.  Proctor and Barton (1974) 
and Frossard (1979) reported that the interparticle fiction angle of saturated irregular 
quartz particles varies between 5° and 40°.  Bolton (1986) assumed typical value for the 
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critical state shearing resistance angle for quartz and felspathic sands as 33° and 40°, 
respectively.    
2.2.2 Development of the theory of dilatancy 
2.2.2.1 Rowe’s theory  
Rowe (1962) studied, both theoretically and experimentally, the properties of 
regular assemblies of spheres and rods and was able to relate the stress ratio to the strain 
rate ratio in terms of the geometry of packing.  The materials used were steel, glass, and 
quartz.  His findings can be summarized as follows:  
1. Whatever the geometrical arrangement of the solids, the stress ratio, at the peak 
strength and during the subsequent states of deformation, will follow the following rule: 
 ( )β+φα=σσ µtantan\3
\
1  (2-18)   
Where; β is the deviation angle at the contact points from the major principal 
direction, α can be seen as a geometrical property of the packing (fig. 2-13), φµ is the true 
angle of friction between the mineral surfaces, σ1\ and σ3\ are the major and minor 
effective principal stresses.  
2. The energy ratio for a fixed orientation of particle movement is given by the 
expression: 
 ( ) ββ+φ= µ tantanE&  (2-19) 
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3. Slippage occurs well past the peak when the stress ratio reaches unity.  The slip 
plane observed in the laboratory and in the field is not the cause of failure at the peak, as 
assumed by Coulomb, but is a later result of failure.  It is the α-plane at the instant of 
collapse and has nothing to do with the state of the particles at the peak strength.  Rowe 
then applied the principle of least work to a random mass of irregular particles and 
established relations between the rate of dilatancy and the stress ratio for any given 
particle arrangement as follows:   
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Figure 2-13. Definitions of Rowe’s geometry properties  
[Source: Rowe  (1962)]  
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where tan(φf) may be written as k tan(φµ) where k is a coefficient which increases with 
the degree of remolding and associated energy loss.  Eliminating tan2(45-φf/2) from 
equations (2-18) and (2-20) and solving for α, the results can be expressed as: 
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 (2-21) 
Rowe introduced fig. (2-14), which shows different values of α satisfying 
equation (2-21).  As proposed by Rowe (1962), there is a unique relation between the 
stress ratio and dilatancy (equations (2-18), (2-20), and (2-21)).  This issue was discussed 
later by many researchers and will be explained later in details. 
2.2.2.2 Bolton’s relative dilatancy index  
Bolton (1986) collected data of the strength and dilatancy of 17 sands in axi-
symmetric or plane strain tests at different densities and confining pressure combinations 
to experimentally correlate the angle of friction to the angle of dilation.  He introduced a 
new relative dilatancy index, IR, which can be defined in terms of relative density, ID, and 
effective stress level, P\, as:  
 ( ) 1LnP10II \DR −−=  (2-22) 
Bolton re-wrote the relative dilatancy index, after a discussion by Tatsuoka (1987) 
regarding the effect of anisotropy and the behavior under low confining pressures, as 
follows: 
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Figure 2-14. Angle α versus porosity for different materials 
[Source: Rowe  (1962)]  
Figure 2-15. Deviation of triaxial dilatancy from biaxial state 
[Source: Schanz and Verneer (1996)]  
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 Bolton (1986) implied that the relative dilatancy can be correlated to dilatancy as 
follows: 
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In case of plane strain the expression should be written as: 
 Rmax
\
cv
\
max I58.0 =ψ=φ−φ  (2-26) 
Whereas, is case of triaxial strain condition it was found that: 
 R
\
cv
\
max I3=φ−φ  (2-27)  
Schanz and Verneer (1996) applied Rowe’s expression in two perpendicular 
planes in order to redefine the dilation angle in case of triaxial stress loading condition.  
As  shown in fig. (2-15), if sliding on a certain plane is governed by the stress ratio σ1/ σ2 
(mechanism A), sliding on a perpendicular plane should be governed by σ1/ σ3 
(mechanism B).  The following expression for the angle of dilatancy in the triaxial test 
was deduced: 
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The authors supported the idea that the angle of dilatancy doesn’t depend on of 
the testing method; triaxial or plane strain.  Rowe’s expression could be re-written as: 
 tr
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ψ−ψ=ψ  (2-29) 
The authors stated “Rowe’s stress dilatancy theory exhibits an appealing 
relationship between the friction angle and the dilatancy angle for planar deformation.  In 
fact cv
ps
f φ=φ .  However, this theory needs to be applied to triaxial conditions of stress 
and strain in order to obtain a relationship between the friction angle and the dilatancy 
angle.  For this reason, the relationships that given by Bolton (1986), Eqns (2-23) through 
(2-27), are now considered”.  They showed that for triaxial testing conditions, Bolton’s 
relative dilatancy coefficient, IR, can be correlated to the dilatancy angle as: 
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2.2.3 State-dependent dilatancy 
Rowe (1962) showed, based on the theory of least rate of internal work, that 
dilatancy (d) could be expressed as a function of the stress ratio, η, and the true angle of 
friction between the mineral surfaces of the particles as: 
 ( )C,dd η=  (2-31) 
Where C is a set of intrinsic material constants and η is the stress ratio.  Li and 
Dafalias (2000) argued that the previous equation worked well for cohesive soils.  For 
granular soils, the applicability of the equation was found to be dependent on the density.  
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It should be noted that Rowe (1962) observed the divergence between the proposed 
theory and the experimental results and pointed out that a variable depending on the 
density and the stress history should be added to the stress-dilatancy relationship that he 
had derived earlier.  Rowe attributed the divergence to the rearrangement of the particle 
packing, a fact that was ignored in the original version of the stress-dilatancy theory.  Li 
and Dafalias (2000) attributed the lack of density and stress level dependency in Rowe’s 
work to the minimization that has been done during imposing the minimum internal work 
hypothesis.  This minimization made the stress ratio uniquely related to dilatancy and 
independent of the particles packing which contradicted the exact analytical conclusion 
deduced by Li and Dafalias (2000) for two different packings.   
2.2.3.1 Problems with unique relationship between d and η 
Li and Dafalias (2000) clarified the problems associated with assuming a unique 
relationship between the dilatancy and the stress ratio. According to the concept of 
critical state soil mechanics, density and confining pressure, together, define whether the 
sand is loose or dense.  To prove the deficiency of the unique relation between d and η, 
they considered two specimens of the same sand; one is in the dense condition whereas 
the other is the loose condition.  Subjected to shear loading and beginning from the same 
η, the loose sample contracted while the dense sample dilated (fig. 2-16).  If the 
assumption that (d) in a unique function of η is valid, the direction of plastic flow, and the 
undrained stress path, would be uniquely related to η, irrespective of the material state, 
which contradicts fig. (2-16).   
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Another contradiction involves the transformation state.  During the first stages of 
shearing, the sample passes through a transformation state at which η = Md (the critical 
state ratio at transformation state) and d=0 (Ishihara et al. 1975) and then approaches the 
critical state line at which η = M (the critical state ratio) and d=0 (fig. 2-17).  Applying 
the Rowe’s dilatancy equation will reveal that Md = M, which render the phase 
transformation intrinsic, and results in a unique phase transformation line, for a particular 
sand, at which the sand would change its phase from contractive to dilative irrespective 
of stress level and density.  
Li and Dafalias (2000) stated that there is another contradiction when analyzing 
undrained tests on dense sands.  It is known that dense sands tested in undrained 
conditions show a stress path that converges with a slope of approximately η = M 
towards the ultimate state, which is the critical sate (dp\ = dq = dεv = 0 and  dεq ≠ 0).  
During this stage, the rate of plastic volumetric change tends towards a constant value, 
implying that dilatancy tends towards a zero value.  If the assumption that (d) is a unique 
function of η is valid, (d) would be a constant along this path.  In other words, as shearing 
proceeds, the confining pressure will increase due to the restriction on volumetric change 
and the critical state would never be reached.  
The above observations lead to the conclusion that the Rowe’s stress-dilatancy 
relation works well only when the change in the material internal state is minor and can 
be neglected (Li and Dafalias 2000). 
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Figure 2-16. Variation of dilatancy with material state (data from Verdugo and 
Ishihara (1996). Undrained response of sand (a) with different densities (b) under 
different confining pressures  
[Source: Li and Dafalias (2000)]  
Figure 2-17. Variation in the phase transformation stress ratio with material state (data 
from Verdugo and Ishihara (1996) 
[Source: Li and Dafalias (2000)] 
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2.2.4 General expression for state dependent dilatancy 
Kabilamany and Ishihara (1990) provided experimental evidence showing that 
(d+η) increases with the increase of shear deformation.  Manzari and Dafalias (1997) 
presented a sand model in which a linear dependence of the phase transformation on ψ 
was introduced.  Li (1997) investigated the response of sand at the ultimate stress ratio 
and pointed out that the dilatancy is not related only to the stress ratio but is also a 
function of the plastic volumetric strain.  Wan and Guo (1998) proposed a model with a 
dilatancy function modified from Rowe’s stress-dilatancy equation.  Cubrinovski and 
Ishihara (1998) also showed a dilatancy relationship that depends on the material state 
represented by cumulative plastic shear strain. 
Wan and Guo (1999) proposed a modified stress-dilatancy model to describe the 
mechanical behavior of granular materials at different stress levels and densities.  The 
developed model was based on the original well known Rowe’s dilatancy expression and 
was proposed as follows:   
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Where α is a parameter, e and ecr are the current and the critical state void ratios.  
The factor ( )αcre/e  is a measurement of the deviation of the current voids ratio from the 
mean stress dependent critical voids ratio, which will provide a mean by which the 
dilation process can be corrected to include density, stress level, and deformation history 
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dependence.  Wan and Guo (1999) presented a procedure for determining the factor α for 
different types of typical natural and manufactured sands and introduced the constitutive 
law for the proposed model.  Numerical simulations were conducted and indicated that 
most of the basic behavioral features of granular materials could be reasonably captured.  
The proposed stress-dilatancy model introduced a family of energy curves as a function 
of void ratio and stress level instead of the unique energy line proposed by Rowe’s 
(1962). 
Li and Dafalias (2000) introduced a general state dependent dilatancy expression 
in the following general form: 
 ( )C,Q,e,dd η=  (2-33)  
Where Q and C denote internal state variables other than the voids ratio e.  The 
formulation should satisfy the requirement that; the dilatancy must be zero at both the 
critical state and the phase transformation point, that is: 
  ( ) 0C,Q,ee,Mdd cr ===η=       and      ( ) 0C,Q,ee,Mdd cr =≠=η=  (2-34) 
The well-known state parameter was introduced by Been and Jefferies (1985) and 
can be defined as: 
 cree−=ψ  (2-35) 
Where e is the current voids ratio and ecr in the critical state voids ratio in the e-p\ 
plane corresponding to the current p\ (fig. 2-18).  The state parameter ψ is a measure of 
how far and which side the material is from the critical state.  Li and Dafalias (2000) 
made use of the state parameter after redefining it as follows: 
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Where eΓ, λc and ξ are the material constants determining the critical state line in 
the e-P\ space (Li and Wang 1998) and Pa is the atmospheric pressure.  The general form 
of their relation can be written as: 
 ⎟⎠
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⎛ η−= ψ
M
edd m0  (2-37) 
where d0 and m are two positive modeling parameters.  It should be noted that the 
CamClay dilatancy expression (d = M – η) is a special case of equation (2-37) when m = 
0 and d0 = M. 
Yang and Li (2004) suggested a unique linear relationship between the peak 
friction angle (φp), and the maximum dilation angle (θmax) as follows (fig. 2-19): 
 max
\
cs
\
p 28.0 θ+φ=φ  (2-38) 
Comparing this relation to that proposed by Bolton (1986) for the plane strain 
condition, that is: 
 max
\
cs
\
p 8.0 θ+φ=φ  (2-39) 
it can be concluded that the excess friction angle in triaxial condition is less than 40% of 
that in plane strain condition, which is consistent with the experimental findings.   
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Figure 2-18. The state parameter and critical state line 
[Source: Yang and Li (2004)]  
Figure 2-19. Relationship between peak friction angle and maximum dilation angle 
[Source: Yang and Li (2004)]  
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2.3 Particle shape characterization 
Particle shape characteristics affect the behavior of granular soil.  Interlocking 
resistance, dilatancy, and the overall shear strength behavior can vary dramatically with 
particle shapes.  Many research studies have been conducted to quantify the shape 
characteristics of granular soils and rocks.  The shape characteristics have a noticeable 
impact on the dilatancy, which falls within the scope of this research.  A critical review of 
conventional and modern techniques to characterize particle shape is introduced in the 
following section.   
The two terms commonly used to characterize particle shape are form roundness 
(Sukumaran and Ashmawy 2001).  Roundness usually describes specific aspects of 
external morphology such as variations at the corners.  On the other hand, form usually 
captures the overall geometry of a particle and reflects variations in the proportions of the 
particle.  Surface texture is superimposed on the corners and reflects the properties of 
particle surfaces between corners.  
2.3.1 Particle shape characterization techniques 
Both form and roundness are best defined in 3D.  However, due to difficulty of 
3D measurements, the majority of the studies described in the literature rely on 2D 
projections of particles.  Most conventional methods of quantifying 3D form are based on 
the shortest, longest, and intermediate orthogonal axes through formulas based on the 
axes ratios.  Some other measures of 3D shape require the measurement of the volume of 
the particle.  Wadell’s (1932) roundness is one of the conventional approaches widely 
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used in 2D, Fig. (2-20).  A corner is defined as the part of the outline with a radius of 
curvature equal to or less than the radius of curvature of the maximum inscribed circle. 
Each corner of the maximum projection outline is measured by finding the largest circle 
that will fit. The average roundness is defined as the ratio of the average of these 
diameters to the diameter of the maximum inscribed circle.   
Fourier analysis has been used as a more advanced technique to characterize 
particle shape.  The idea is to unroll the two dimensional outline of the particle and fit a 
Fourier series.  Anstey and Delmet (1973), Ehrlich (1970), and Ehrlich et al. (1980) used 
this approach to characterize the particles.  The particle shape can be fit as closely as 
possible by including a sufficient number of harmonic terms in a linear summation. 
Lower harmonics reflect large-scale features of the outline, whereas higher harmonics 
reflect small-scale features. Although many researchers have used this technique and 
have come up with particular combinations of the harmonic terms to express roundness 
and angularity, none of these solutions has gained universal acceptance (Sukumaran,  
1996). A difficulty with such a representation is that if the radius intersects the outline 
twice, the representation is not possible (Sebestyn, 1969).  A drawback of any of the 
Fourier series approaches arises when truncating the Fourier series to obtain a more 
detailed representation.  If the truncated coefficients are used to reconstruct the outline, 
the new outline may not be continuous and may cross itself (Sukumaran,1996).  
Piper (1970) observed that a plot of the distribution of angles between chord 
lengths could help to estimate particle roundness. A plot of the cumulative distribution 
of angles between adjacent chords gives a distribution, the variance of which increases 
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with roughness. The drawback of distributional summaries is that it throws away all 
information on the relationship between adjacent points on the perimeter (Sukumaran, 
1996).   Mandelbrot (1967) illustrated the use of fractals to determine the total length 
between two points along a free form. Orford and Whalley (1983) used fractal dimension 
to quantify the morphology of irregular-shape particles.  A disadvantage of this technique 
is that it does not give any information about the overall particle shape. Also large 
changes in roughness are reflected as small changes in the fractal dimension (Sukumaran, 
1996). 
2.3.2 The method introduced by Sukumaran and Ashmawy (2001)  
Sukumaran (1996) presented a new technique for quantifying particle shape and 
angularity.  The true shape of the particle was approximated by an equivalent polygon.  
The true particle shape was characterized by comparing it to an ideal shape (circle).  The 
basic definitions required to describe the method are:  
1. Shape Factor is related to the deviation of global particle outline from a 
standard outline or datum. 
2. Angularity Factor is a measure of the number and sharpness of the 
corners. 
3. Radial segment is a straight line connecting the particle centroid to a 
sampling point on the perimeter. 
4. Sampling interval is the angle between two adjacent radial segments. 
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Figure 2-20. Illustration of Wadell’s procedure for evaluating particle roundness 
[Source: Sukumaran (1996)]  
Figure 2-21. Ideal geometric shape used to define the shape and angularity factors 
[Source: Sukumaran (1996)]  
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2.3.2.1 The distortion diagram 
Consider a two dimensional projection of a particle that has been discretized by 
equal sampling intervals (fig. 2-21).  A circle is discretized with the same sampling 
interval. Considering the circle chords as a datum and aligning the radial segments of 
both the circle and the particle, the angle between corresponding chords can be measured.  
The angle sign depends on the direction of the particle chord vector relative to that of the 
circle. These angles are called the distortion angles (α).  If the distortion angles are 
plotted against the cumulative sampling interval, the resulting diagram is the Distortion 
Diagram (fig. 2-22).  The distortion diagram is a mapping technique from which the 
particle shape can be fully reconstructed (Sukumaran and Ashmawy, 2001). 
2.3.2.2 Shape factor 
Sukumaran and Ashmawy (2001) defined the particle shape in terms of the 
deviation of the particle from a circle by dividing the sum of the absolute values of (α) by 
that corresponding to an elongated flat particle as follows:  
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Where N is the number of sampling points.  For all practical particle shapes, 
values of shape factor will lie between zero and one, with the former value corresponding 
to a circle, and the latter value corresponding to a flat plate. 
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2.3.2.3 Angularity factor 
The angularity of a particle was defined in terms of the number and sharpness of 
the corners and can be obtained by dividing the sum of the difference between the 
internal angle (β) of a spherical particle as approximated by an N-sided polygon and the 
corresponding internal angle of the particle (fig. 2-15).  Instead of summing up the 
absolute differences in (β) angles, the sum of the squares of the differences in internal 
 
Figure 2-22. Distortion diagram for the particle shown 
[Source: Sukumaran (1996)]  
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angles were taken to amplify the influence of sharper corners.  The angularity factor can 
be expressed as: 
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The previous expression will give a value of (AF = 0) for the angularity of a 
sphere. 
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CHAPTER THREE: EXPERIMENTAL VERFICATION OF MODELING 
ANGULAR PARTICLES USING DEM  
3.1 Introduction 
Discrete element modeling includes the entire set of methods used to simulate the 
mechanical interaction between discrete bodies.  Different formulations have been 
introduced for a wide range of engineering applications (e.g., Cundall and Strack 1979; 
Shi and Goodman 1989; Mustoe 1992).  Different discrete element methods utilize 
different numeric solution schemes, particle deformability and rotation, and contact 
detection.  The Distinct/Discrete Element Method was introduced by Cundall and Strack 
(1979) to model granular assemblies within the context of geotechnical engineering.  The 
method relies on a time-stepping explicit scheme, where equations of motion are solved 
over a finite time interval to obtain incremental displacements and rotations.  Force-
displacement laws are then invoked to calculate the resulting interparticle forces, which 
are fed back into the equations of motion over the next time increment (Itasca, 1999).  
The solution proceeds until a static or dynamic equilibrium threshold is reached.   The 
numerical solution scheme is based on the idea that a small enough time step should be 
chosen to ensure that, during a single time step, disturbances do not propagate from any 
disc further than its immediate neighbors (Cundall and Strack, 1979).
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Until recently, limitations in computer speed and power represented a major obstacle to 
the widespread implementation of DEM in practice.  In recent years, DEM has gained 
considerable momentum as a powerful tool in studying microstructural phenomena in 
granular assemblies.  The first comprehensive DEM software package, PFC2D, was 
introduced in 1995 by Cundall and his co-workers, to model two-dimensional circular 
elements (disks) with linear or Hertz-Mindlin contact models (Itasca, 1999).  A three-
dimensional version of the software was later released.   
3.2 Background 
In the DEM scheme proposed by Cundall and Strack (1979), the granular particles 
were modeled as discs in 2-D simulations and as spheres in 3-D simulations.  Although 
computationally very efficient, circular particles have an inherent tendency to roll, which 
reduces their interlocking resistance.  As a result, angularity-induced dilation and particle 
interlocking are suppressed. Modeling non-circular particles, in both 2D and 3D, has 
been proposed using different approaches with varying degrees of success.  One class of 
methods utilizes mathematical functions to describe non-circular outlines.  Ting et al 
(1993) and Ng (1994) presented ellipse-shaped particles for 2D simulations, while Lin 
and Ng (1997) introduced ellipsoid-shaped particles for 3D Simulations. Ellipses and 
ellipsoids have a smaller tendency to rotate, but do not provide a close representation of 
the actual particle shapes.  Potapov and Campbell (1998) proposed oval-shaped particles, 
which are computationally more efficient than the ellipses. Favier et al (1999) presented 
an axisymmetrical-shaped particle, which can model a variety of shapes. However, highly 
angular particles cannot be easily generated.   
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Another approach relies on approximating the particle shape using polygons, as 
proposed by Barbosa and Ghaboussi (1992) and Matuttis et al (2000).  A more realistic 
representation of the particle shape can be achieved using polygon-shaped particles; 
however the method is computationally intensive.  Another approach is to combine 
several circular outlines into a cluster to form more complex shapes.  Jensen et al (1999) 
introduced the clustering technique by combining a number of spherical-shaped particles 
in a semi-rigid configuration, which is a better representation of natural soil particles.  
Any number of particles can be linked together to form a cluster as long as they rotate 
and translate as a rigid body.  The interparticle contacts within the cluster are constrained 
to be linear-elastic with a high stiffness.  Thomas and Bray (1999) presented a different 
idea for clustering by imposing kinematic restrictions on discs within a cluster to prevent 
relative translations and rotations.  Although these techniques represent some 
improvement over earlier methods, the simulated particle outlines did not resemble those 
of actual particles.  In addition, a substantial increase in computational time was incurred 
due to the high contact stiffness required within the cluster. 
3.3 Overlapping rigid clusters (ORC) 
Ashmawy et al (2003) proposed the use of Overlapping Rigid Clusters (ORC) 
technique to accurately simulate angular particle shapes. A set of subroutines was 
introduced to PFC2D using Itasca’s software-specific programming language, FISH. The 
built-in clump logic command was instrumental in formulating the new method. The 
clump logic allows several disk elements to move as a rigid body without detecting 
contacts or calculating contact forces, which increases computational efficiency.  Further 
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description of the clump logic is given in Itasca (1999).  The ORC method relies on 
“clumping” a number of overlapping disc elements, such that the resulting outline 
coincides with, and is almost identical to the actual particle’s outline. 
First, two-dimensional outlines of a series of particles are obtained using a digital 
microscope or scanner. Overlapping circles are then inscribed within the outline to 
capture the shape, as shown in fig. (2-1). The number of overlapping circles that can 
accurately represent the actual particles depends on the degree of non-uniformity in the 
original particle shape and angularity, the desired level of geometric accuracy, and the 
required computation time limit.  Typically, ten to fifteen disks will adequately capture 
the “true” shape of a particle.  Due to overlapping, the density of each disk must be 
scaled to ensure that the mass of the particle remains proportional to the area, regardless 
of the number of discs or level of overlap (refer to Eqn. 2-1).  The ORC method is 
implemented within PFC2D by means of a series of FISH functions that convert a particle 
assembly of discs into their corresponding angular particles as follows: 
1. Particles are automatically generated as discrete circular elements using 
any of the built-in particles generation techniques 
2. The shape conversion algorithm is invoked to transform each circular 
particle into an angular equivalent through replacement with a 
corresponding set of disc elements, selected randomly from a library of 
available particle shapes 
3. A random rotation between 0 and 360º is applied to each transformed 
particle to avoid preferred orientations and subsequent system anisotropy. 
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Figure (2-2) shows a random assembly of circular particles that have been 
transformed to the corresponding angular shapes using the ORC method. 
3.4 Experimental program   
Verification of the ORC method is essential in order to evaluate the accuracy and 
significance of the new procedure.  To verify the new technique, an experimental and 
numerical validation program was carried out by:  
1. Designing and building an experimental setup that allows tracking 
translations and rotations of model-grains resulting from an external 
disturbance. 
2. Numerically simulating the experimental setup using PFC2D, with the 
same initial and boundary conditions and material properties. 
3. Tracking the positions and rotations of model-grains in both the 
experimental and numerical tests. 
4. Qualitatively and quantitatively comparing the experimental and 
numerical results to verify the effectiveness of the ORC method. 
5. Performing a parametric study in order to determine the effect of 
interparticle friction, contact stiffness, and global damping on the 
numerical solution.   
Fraser River sand and Michigan sand were chosen, as natural angular and rounded 
materials, respectively, for the experimental verification.  Only two dimensional model-
grains were considered for this study in order to accurately track the particle motions.   
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The scanned outlines of ten different Fraser River sand grains and five different 
Michigan sand grains were resized and plotted on top of 25 mm thick maple wood.  A 
thickness of 25 mm and an equivalent diameter of 50 mm were chosen for the average 
discs dimensions in order to facilitate model-particles manufacturing and tracking.  The 
actual particle area, Aap, was scaled as follows: 
 ( )
ap
2
A
25Scale Area π=  (3-1) 
3.4.1  Material 
Model-grains were manufactured from maple wood, which has reliable strength, 
density, and stiffness.  Maple wood properties are summarized in Table (3-1).  A scroll 
saw with hard carbon steel blade was used to cut the model-grains by following the shape 
outlines plotted on top of the 25 mm maple wood sheet.  The upper and lower edges were 
smoothed using fine sand paper to prevent edge smearing or tearing.  For each of the 
Fraser River sand’s ten particle shapes, eight duplicate particles were manufactured for 
the testing program, whereas for each of the Michigan sand’s five particle shapes, 
fourteen particles were made.  An alphanumeric labeling scheme was used in order to 
 Table 3-1. Maple wood properties
Density, Kg/m3 406.6
Specific gravity 0.659
Bending strength, MPa 115
Stiffness, MPa 14100
Hardness 7290
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facilitate the recognition of different model-grains during the digitized snapshots.  For 
each particle, the center of mass and a direction marker were labeled in order to facilitate 
the tracking procedure during comparison, as shown in figs. (3-1) and (3-2) for some 
Fraser River and some Michigan sand particles, respectively. 
3.4.2 Test setup 
The experimental boundary conditions were defined by a box and a piston, where 
the model-grains were assembled.  The inner dimensions of the box were 500×500 mm.  
The box inner faces were covered with laminated plastic sheets to reduce friction with 
model-grains (fig. 3-3).  A rectangular-shaped piston was used to disturb the Fraser River 
sand model-grains, whereas a trapezoidal-shaped piston was used for Michigan sand 
model-particles.  Figures (3-4) and (3-5) show the experimental setup for Fraser River 
Sand and Michigan Sand, respectively.  Both pistons were covered with laminated plastic 
sheets on all sides that are in contact with the model-grains.  A stainless steel ruled scale 
was attached to the top of the pistons to measure their displacements as they penetrated 
into the box.  A cast acrylic sheet was attached to the top of the box to prevent the 
particles from “popping up” during the test.  The cast acrylic sheet was thick enough to 
prevent any deflection that would have caused friction with the top of the model-grains.  
A digital camera with a 0.79 Mega pixel resolution was used to capture the snapshots.  
The camera was centered and leveled at approximately 1 m above the box, and was 
supported by means of a wooden frame. Two ruled L-squares were used simultaneously 
to locate the center point of each model-grain for initial setup (fig. 3-6).   
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Figure 3-1. Fraser River sand model-grains samples 
Figure 3-2. Michigan sand model-grains samples 
 66 
 
Figure 3-3. The box along with the piston 
Figure 3-4. The experimental setup for Fraser River sand model-particles with the 
rectangular piston 
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Figure 3-5. The experimental setup for Michigan sand model-particles with the 
trapezoidal piston 
Figure 3-6. The two ruled L-squares used to locate model-grains 
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The model-grains were distributed randomly within the box and the two L-squares were 
used to determine the X and Y coordinates for each model-grain.  The initial direction of 
each model-grain was then adjusted and verified using the two L-squares. The initial 
condition of the model-grains for both model-grains types are shown in figs. (3-7) and (3-
8). 
3.4.3 Image distortion effect 
In order to accurately measure the location of the particles at various stages of the 
test, it is necessary to calibrate the captured image.  A 12.5×12.5 mm graded transparent 
sheet was, therefore, used to evaluate image distortion.  The sheet was placed under the 
cast acrylic sheet on top of a few model-grains as a support during calibration as shown 
 
Figure 3-7. Initial conditions for Fraser River sand model-grains - rectangular piston 
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in fig. (3-9).  The image was analyzed using the following methods:  
1. Counting the number of pixels within the center square, corner squares, 
and middle edge squares. 
2. The squares sides’ lengths were extracted from the image and compared to 
the lengths of the center squares’ side lengths. 
3. An image of the initial condition of the model-grains in the laboratory was 
digitized then the X and Y coordinates for the model-grains centers were 
extracted from the digitized image and compared to the experimental X 
and Y coordinates.  
The results confirmed that the distortion effect was minimal and can safely be 
neglected within the scope of this study.  
 
Figure 3-8. Initial conditions for Michigan sand model-grains - trapezoidal piston 
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3.4.4 Contact normal stiffness  
The contact normal stiffness of the wooden model-grains was determined 
experimentally using a compression loading machine (fig. 3-10).  The compression test 
was performed on each of the 10 different shapes of the Fraser River sand model-grains.  
The compression test performed on model-grain 5A of Fraser River sand is shown in fig. 
(3-11).  In order to study the effect of grain angularity on the contact normal stiffness, the 
compression tests were performed in different directions for the same model-grain.  Load 
displacement curves for model-grain 8Z of Fraser River sand is shown in fig. (3-12), 
which shows the effect of loading direction on the load-displacement results.  The results 
for all the particles are summarized in table (3-2).  Based on the experimental results, an  
 
Figure 3-9. Distortion calibration using graded transparent sheet 
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Figure 3-10. Loading system used in determining the contact normal stiffness  
Figure 3-11. Compression test on model-grain 5A of Fraser River sand  
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average value of 106 N/m for the contact normal stiffness was used in the numerical 
model.  The contact shear stiffness value was taken the same as the contact normal 
stiffness. 
3.4.5 Experimental testing procedures 
The experimental test was set to the initial conditions and the piston was fitted in 
place with zero displacement.  The camera frame with the camera centered to the box was 
set in place.  The piston was then moved successively and snapshots were taken at 50 mm 
intervals. The test was terminated when the piston could not be pushed further.  The 
experimental test was repeated five times, ensuring identical initial and boundary 
conditions, in order to study the inherent the variability of the procedure due to slight 
changes in the initial conditions.  
 
Figure 3-12. Load-Displacement curves for Fraser River Sand model-grain # 8Z 
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 3.4.6 Experimental results  
3.4.6.1 Fraser river sand with the rectangular piston  
The resulted images for tests 1 through 5 for initial conditions along with images 
at displacements 50, 100, 150, 200, and 250 mm are shown in fig. (3-13) through fig. (3-
18).  The initial conditions, fig. (3-13), for all five tests were ensured to be identical.  At 
50 mm piston displacement an apparent “contact force chain,” which mostly connected 
the grains that mostly moved, developed and was almost identical for all five tests (fig. 3-
14). At 100 mm displacement, slight variations in the force chain among the various tests 
 Table 3-2. Contact normal stiffness results for Fraser River Sand model-grains 
Particle Kn, N\m
Type 1Z 9.11x 105
Type 2Z 1.07x 106
Type 3Z 8.38x 105
Type 4Z 9.79x 105
Type 5Z 1.00x 106
Type 6Z 8.63x 105
Type 7Z 1.36x 106
Type 8Z 1.06x 106
Type 9Z 9.16x 105
Type 10Z 8.36x 105
Maximum normal stiffness 1.36x 106
Minimum normal stiffness 8.36x 105
Average normal stiffness 9.93x 105
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began to appear (fig. 3-15).  At 150 mm displacement, the force chain is very close in 
shape in all tests except test # 4 (fig. 3-16).  After 200 mm displacement, the difference in 
force chains became more noticeable, with differences in particles positions and rotations 
throughout the system (fig. 3-17).  As the displacement increased beyond this point, 
differences were noticed (fig. 3-18).  The X and Y coordinates, along with the rotations 
of the model-grains, for the five experimental tests, were tracked by digitizing the 
experimental snapshots and were stored for performing the quantitative comparison with 
the numerical simulation. 
3.4.6.2 Michigan sand with the trapezoidal piston  
For Michigan sand model-particles, fig. (3-19) through fig. (3-24) show the 
resulted images for tests 1-5 for initial condition, displacements 50, 100, 150, 200, and 
250 mm, respectively.  It should be noted that only during tests 2 and 3, a displacement of 
250 mm could be achieved, while in tests 1, 4, and 5, the piston could not move further 
than 238-240 mm.  As shown in fig. (3-19), the initial conditions for all five tests were 
ensured to be identical.  The model-grains of the first row were initially aligned around 
the trapezoidal-shaped piston.  More particles displacements and rotations were noticed 
when the trapezoidal-shaped piston was used, compared to the rectangular piston.  At 50 
mm piston displacement, particles positions and rotations were almost identical for all 
five tests (fig. 3-20).  At 150 mm displacement, differences between the two groups 
began to appear but results for tests 1, 4, and 5 (group 1) can be considered identical 
,whereas results for tests 2 and 3 (group 2) were different (fig. 3-22).  For group 2, the 
piston was pushed to 250 mm, whereas for group 1, the piston could not be pushed 
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further than 238-240 mm.  At this point, the differences in particles positions and 
rotations throughout the system became more noticeable, and as the displacement 
increased further, large differences were noticed (figs. 3-23 and 3-24).  The X and Y 
coordinates, for the Michigan sand model-grains, along with the rotations, were tracked 
and recorded. 
It should be noted that although the same initial condition was ensured, 
reproducible results could not achieved.  The results indicate that minor changes in the 
initial conditions may dramatically affect the overall behavior of the model-grains 
assembly at large displacements.   
3.5 Numerical simulation 
The Particle Flow Code, PFC2D, was used to numerically simulate the 
experimental setup for both Fraser River sand and Michigan sand.  The box was 
simulated as four fixed rigid walls, whereas the piston was simulated as rigid walls that 
moved vertically at constant velocity.  The vertical movement was slow enough to ensure 
a stable solution.  The clumps were generated at the same positions as the experimental 
setup using the ORC method described earlier.  However, the particles were prevented 
from rotating randomly and, instead, were aligned in the same direction as the model-
grains.  The initial condition for the numerical models, along with the corresponding 
experimental initial conditions for Test 1, for both Fraser River sand and Michigan Sand, 
are shown in figs. (3-25) and (3-26), respectively.   
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3-13. Experimental initial conditions (tests 1-5) for Fraser River sand model-grains 
Test 1 Test 2 Test 3 Test 4 Test 5 
Figure 3-14. Experimental results after imposing 50 mm displacement (tests 1-5) for Fraser River sand model-grains 
Test 1 Test 2 Test 3 Test 4 Test 5 
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Figure 3-16. Experimental results after imposing 150 mm displacement (tests 1-5) for Fraser River sand model-grains
Test 1 Test 2 Test 3 Test 4 Test 5 
Figure 3-15. Experimental results after imposing100 mm displacement (tests 1-5) for Fraser River sand model-grains
Test 1 Test 2 Test 3 Test 4 Test 5 
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Figure 3-18. Experimental results after imposing 250 mm displacement (tests 1-5) for Fraser River sand model-grains
Test 1 Test 2 Test 3 Test 4 Test 5 
Figure 3-17. Experimental results after imposing 200 mm displacement (tests 1-5) for Fraser River sand model-grains
Test 1 Test 2 Test 3 Test 4 Test 5 
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Figure 3-20. Experimental results after imposing 50 mm displacement (tests 1-5) for Michigan River sand model-gains 
Test 1 Test 2 Test 3 Test 4 Test 5 
Figure 3-19. Experimental initial conditions (tests 1-5) for Michigan sand model-grains 
Test 1 Test 2 Test 3 Test 4 Test 5 
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Figure 3-22. Experimental results after imposing 150 mm displacement (tests 1-5) for Michigan River sand model-grains 
Test 1 Test 2 Test 3 Test 4 Test 5 
Figure 3-21. Experimental results after imposing 100 mm displacement (tests 1-5) for Michigan River sand model-grains 
Test 1 Test 2 Test 3 Test 4 Test 5 
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Figure 3-24. Experimental results after imposing 250 mm displacement (tests 1-5) for Michigan River sand model-grains 
Test 1 Test 2 Test 3 Test 4 Test 5 
Figure 3-23. Experimental results after imposing 200 mm displacement (tests 1-5) for Michigan River sand model-grains 
Test 1 Test 2 Test 3 Test 4 Test 5 
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The density of the simulated grains was set to the maple wood density.  The 
contact normal/shear stiffness was set to 106 N/m (the value obtained experimentally for 
the Fraser River sand model-grains).  The simulated state, including grain positions and 
rotations, was saved at 50 mm piston movement intervals for further comparison with the 
experimental results.  The resulted images for displacement increments, for both Fraser 
River sand and Michigan sand, will be shown later on.   
Because Fraser River sand particles are highly angular, and because the inter-
particle contact forces are low, the friction coefficient and contact stiffness do not have a 
significant effect on the displacement and rotation of the particles.  Instead, the 
displacement pattern is governed mostly by the shapes and interlocking mechanism 
between the grains.  This is consistent with the objective of this study, that is, to evaluate 
the ability of the ORC technique to model angular particles within a DEM framework.  
The effect of contact stiffness and interparticle fiction coefficient was investigated and 
will be presented later in a parametric study. 
For further illustration of the particle shape, the experimental setup for Fraser 
river sand was modeled as simple discs instead of the ORC method.  The average 
diameter for the created discs was set 50 mm.  The discs centers were taken the same as 
model-grains centers.  The same numerical testing procedures were applied to the discs 
and positions and rotations were recorded and saved at 50 mm increments for further 
quantitative comparison with both the experimental and the numerical modeling using 
ORC technique. 
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Figure 3-25. Experimental and numerical initial conditions for Fraser River 
Experimental Test # 1 Numerical model 
Figure 3-26. Experimental and numerical initial conditions for Michigan sand 
Experimental Test # 1 Numerical model 
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3.6 Comparison and discussion 
3.6.1 Fraser river sand 
The numerical results, using both the ORC method and simple discs, along with 
the experimental results of Test 1 at displacements of 50, 100, 150, 200 and 250 mm are 
shown in fig. (3-27) through fig. (3-31).  From a qualitative standpoint, it is clear that 
there is good agreement between the numerical results using the ORC method and the 
experimental results within the small displacement range, whereas some deviations 
appeared when discs were used to simulate the particles.  With a few exceptions, the 
grain chains are almost identical (figs. 3-27 and 3-28).  The grain chain begins to deviate 
as the piston displacement increases, and the difference may be considered significant at 
large displacement, as seen in (figs. 3-30 and 3-31).  It should be noted that the numerical 
modeling results using the ORC method were closer to the experimental results than 
simple discs.  However, it is important to note that large differences were noticed not 
only between numerical modeling and the experimental tests, but also among the five 
“identical” experimental tests.  It is also essential to note that the previous qualitative 
comparison was performed between the numerical simulation and experimental Test 1 
only. 
It should also be noted that the apparent ‘force chain” that developed along the 
box may be a result of the experimental setup.  First, particles with identical shape were 
all aligned in the same direction to facilitate the setup.  Second, because all particles are 
of the same equivalent size.  Particle arrangement takes an almost a row/column 
configuration.  Because the box size is relatively small compared to the size of the 
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particles, boundaries may have a pronounced effect on the response.  It is expected that a 
“real” system will not behave similarly.  For the purpose of this dissertation, the goal is to 
compare experimental and numerical results, so particle configuration is irrelevant as 
long as it matches in both the experimental and the numerical model.    
In order to evaluate the ability of the numerical model to simulate the tests, it is 
necessary to compare the results in a quantitative manner.  Specifically, if certain 
quantitative measures, such as particle rotation and displacement, are compared between 
the experimental and numerical results, the numerical values should ideally fall within 
the range of the experimental data.  To this end, a statistical comparison between the 
experimental results and the numerical results was conducted.  Histograms were drawn 
for cumulative vertical (Y) displacements and rotations of the model-grains at 50 mm 
piston displacement intervals.  The results of the five experimental tests and the 
numerical modeling using both ORC method and simple discs were plotted.  The results 
for particles rotations at piston displacements of 50, 150, and 250 mm are shown in fig.  
 
Figure 3-27. Experimental and numerical results for Michigan sand after imposing 50 
mm displacement 
Experimental Test # 1 Numerical model (ORC) Numerical model (Discs) 
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Figure 3-29. Experimental and numerical results for Michigan sand after imposing 150 
mm displacement 
Experimental Test # 1 Numerical model (ORC) Numerical model (Discs) 
Figure 3-28. Experimental and numerical results for Michigan sand after imposing 100 
mm displacement 
Experimental Test # 1 Numerical model (ORC) Numerical model (Discs) 
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Figure 3-30. Experimental and numerical results for Michigan sand after imposing 200 
mm displacement 
Experimental Test # 1 Numerical model (ORC) Numerical model (Discs) 
Figure 3-31. Experimental and numerical results for Michigan sand after imposing 250 
mm displacement 
Experimental Test # 1 Numerical model (ORC) Numerical model (Discs) 
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(3-32) through fig. (3-34).  The histograms demonstrate that the numerical modeling 
results, using ORC method, lie within the experimental results except at large 
displacements, whereas that of using simple discs did not lie within the experimental 
results especially at moderate to large displacements.  Similarly, the results for vertical 
displacement, shown in fig. (3-35) through fig. (3-37), indicate that the numerical 
modeling, using the ORC method, results can closely represent the experimental results, 
while simple discs resulted in inaccurate simulation of the experimental setup.  Because 
the horizontal displacements of particles are very small under the given boundary 
conditions, a similar comparison would not be of much value and is therefore not 
reported within the context of this work. 
3.6.2 Michigan sand 
The numerical results along with the experimental results of Test 1 at 
displacements of 50, 150, and 250 mm are shown in fig. (3-38) through fig. (3-40).  
Qualitatively, a good agreement between the numerical results using the ORC method 
and the experimental results within the small displacement range was noticed.  
Deviations began to appear between the experimental and the numerical results at larger 
displacements.  The differences between the numerical and experimental results became 
somewhat significant at large displacement, as seen in fig. (3-40).  It should be noted that 
the deviations for Michigan sand simulation were less than that of Fraser River sand (as 
shown later in the quantitative comparison).  The use of the trapezoidal-shaped piston 
with Michigan sand involved more movements for the model-particles.  The differences 
among the experimental tests are less than those of Fraser River sand.   
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Figure 3-32. Experimental and numerical rotations for Fraser River sand after 
imposing 50 mm displacement 
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Figure 3-33. Experimental and numerical rotations for Fraser River sand after 
imposing 150 mm displacement 
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Figure 3-34. Experimental and numerical rotations for Fraser River sand after 
imposing 250 mm displacement 
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Figure 3-35. Experimental and numerical Vertical (Y) displacement for Fraser River 
sand after imposing 50 mm displacement 
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Figure 3-36. Experimental and numerical Vertical (Y) displacement for Fraser River 
sand after imposing 150 mm displacement 
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Figure 3-37. Experimental and numerical Vertical (Y) displacement for Fraser River 
sand after imposing 250 mm displacement 
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A statistical comparison between the experimental and the numerical results was 
conducted.  Histograms were drawn for cumulative vertical (Y) displacements and 
rotations of the model-grains at 50 mm piston displacement intervals.  The results for 
rotations of the five experimental tests and the numerical modeling were plotted and 
shown in fig. (3-41) through fig. (3-43).  The histograms demonstrate that the numerical 
modeling results lie within the experimental results even at large displacements.  The 
results for vertical displacement shown in fig. (3-44) through fig. (3-46) indicate that the 
numerical modeling results deviated from the experimental results and were not as close 
as rotations results especially for large displacements. 
3.7 Parametric study   
3.7.1 Effect of interparticle friction  
The effects of interparticle friction angle has been studied through numerical  
 
Figure 3-38. Experimental and numerical results for Michigan sand after imposing 50 
mm displacement 
Experimental Test # 1 Numerical model 
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Figure 3-40. Experimental and numerical results for Michigan sand after imposing 250 
mm displacement 
Experimental Test # 1 Numerical model 
Figure 3-39. Experimental and numerical results for Michigan sand after imposing 150 
mm displacement 
Experimental Test # 1 Numerical model 
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Figure 3-41. Experimental and numerical rotations for Michigan sand after imposing 
50 mm displacement 
Figure 3-42. Experimental and numerical rotations for Michigan sand after imposing 
150 mm displacement 
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Figure 3-43. Experimental and numerical rotations for Michigan sand after imposing 
250 mm displacement 
Figure 3-44. Experimental and numerical vertical (Y) displacement for Michigan sand 
after imposing 50 mm displacement 
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Figure 3-45. Experimental and numerical rotations for Michigan sand after imposing 
150 mm displacement 
Figure 3-46. Experimental and numerical rotations for Michigan sand after imposing 
250 mm displacement 
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Figure 3-47. Effect of interparticle friction (Fraser River sand) on particles rotation 
after imposing 50 mm displacement 
Figure 3-48. Effect of interparticle friction (Fraser River sand) on particles rotation 
after imposing 150 mm displacement 
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modeling of Fraser River sand with the rectangular piston.  The particles rotations for the 
numerical analysis using interparticle an internal friction coefficient of 0.05, 0.25, and 
1.00 along with the average results for the five experimental tests are shown in figs. (3-
47) through (3-49)  for displacements 50, 150, and 250 mm, respectively.  The results 
indicate that the interparticle friction has an effect on the particles rotations, which can be 
attributed to the small contact force that was encountered with the testing setup.  Values 
between 0.25-1.00 were found to be appropriate for the numerical modeling, since they 
coincided with the experimental results in general.  Similarly, figs, (3-50) through (3-52) 
show the vertical displacements at the same displacements (50, 150, and 250mm), which 
confirmed that there is an effect for interparticle friction. 
3.7.2 Effect of global damping 
In the discrete element model, energy dissipates through friction, contact, and 
global damping.  As defined by Cundall and Strack (1979), global damping operates on 
the absolute velocities of the elements and it is introduced to the equation of motion 
calculations as shown in Appendix A.  Global damping can be envisioned as the effect of 
dashpots that connect each element to the ground.  The dashpots operate both on the 
velocity vector components and on the rotational velocity.  In the experimental setup, the 
particles were allowed to move only in the X-Y plane.  They were sliding on the box’s 
base which is covered with laminated plastic sheets to minimize friction.  The small 
friction with the base and the gravity effect were introduced by setting a global damping 
ratio to 1.4.  The numerical test was repeated three times using global damping ratios of 
0.70, 1.4, and 2.10 and the results, for both particle rotations and vertical movement at  
 99 
 
Figure 3-49. Effect of interparticle friction (Fraser River sand) on particles rotation 
after imposing 250 mm displacement 
Figure 3-50. Effect of interparticle friction (Fraser River sand) on particles vertical (Y) 
displacement after imposing 50 mm displacement 
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Figure 3-51. Effect of interparticle friction (Fraser River sand) on particles vertical (Y) 
displacement after imposing 150 mm displacement 
Figure 3-52. Effect of interparticle friction (Fraser River sand) on particles vertical (Y) 
displacement after imposing 250 mm displacement 
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Figure 3-53. Effect of global damping (Fraser River sand) on particles rotation after 
imposing 50 mm displacement 
Figure 3-54. Effect of global damping (Fraser River sand) on particles rotation after 
imposing 150 mm displacement 
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Figure 3-55. Effect of global damping (Fraser River sand) on particles rotation after 
imposing 250 mm displacement 
Figure 3-56. Effect of global damping (Fraser River sand) on particles vertical (Y) 
displacement after imposing 50 mm displacement 
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Figure 3-57. Effect of global damping (Fraser River sand) on particles vertical (Y) 
displacement after imposing 150 mm displacement 
Figure 3-58. Effect of global damping (Fraser River sand) on particles vertical (Y) 
displacement after imposing 250 mm displacement 
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displacements of 50mm, 150mm, and 250mm, are shown in figs. (3-53) through (3-58).  
The results for both global damping ratios of 2.1 and 1.4 were almost identical and very 
close to the experimental results, whereas more translations and rotations were observed 
when the global damping coefficient was set to 0.70.  The results confirmed that using a 
damping ratio higher than the critical damping ratio of 1.0 is satisfactory for the 
numerical modeling purposes.   
3.7.3 Effect of contact normal stiffness 
The effect of contact stiffness has been studied using numerical modeling of 
Fraser River sand with the rectangular piston.  Particles rotations for the numerical 
analysis using contact stiffness of 104, 105, and 106 kPa along with the average results for 
the five experimental tests are shown in figs. (3-59) through (3-61) for displacements 50, 
150, and 250 mm.  The results indicated that the contact stiffness had a minor effect on 
the particles rotations.  A value of 106 N/m was found to be appropriate.  It should be 
noted that the same value was determined from the compression test on the model-grains 
and has been used throughout the numerical simulation of the experimental setup.  
Similarly, figs. (3-62) through (3-64) show the vertical displacements, which confirm the 
previous findings. 
3.8 Conclusion 
An experimental validation of the ability of DEM to model angular particles 
created using overlapping rigid clusters (ORC) was presented.  The ORC technique 
creates a clump that contains circular particles in such a way that the outline of the clump   
 105 
 
Figure 3-59. Effect of contact normal stiffness (Fraser River sand) on particles rotation 
after imposing 50 mm displacement 
Figure 3-60. Effect of contact normal stiffness (Fraser River sand) on particles rotation 
after imposing 150 mm displacement 
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Figure 3-61. Effect of contact normal stiffness (Fraser River sand) on particles rotation 
after imposing 250 mm displacement 
Figure 3-62. Effect of contact normal stiffness (Fraser River sand) on particles vertical 
(Y) displacement after imposing 50 mm displacement 
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Figure 3-63. Effect of contact normal stiffness (Fraser River sand) on particles vertical 
(Y) displacement after imposing 150 mm displacement 
Figure 3-64. Effect of contact normal stiffness (Fraser River sand) on particles vertical 
(Y) displacement after imposing 250 mm displacement 
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coincides with that of the actual particle.  An experimental setup was built and model 
particles were manufactured in the laboratory.  The experimental tests were modeled 
numerically using PFC2D.  The experimental test results of five identical tests were 
compared qualitatively and quantitatively with the corresponding numerical simulation.  
The ORC technique was found to be effective in modeling the behavior of angular 
particle assemblies.  While particle displacements and rotations of both the numerical and 
experimental systems were almost identical at small displacements, larger differences 
were observed at high displacements, even among the five experimental tests that have 
been performed ensuring identical initial and boundary conditions.  This variability is 
attributed to minor changes in the initial conditions, as well as other inherent 
uncertainties in the system, and cannot be avoided.  However, the numerical model 
revealed that the ORC simulated system behavior is, in general within the range of the 
five experimental tests.  The experimental validation was extended to two different types 
of model grains.  A parametric study has been conducted to examine the effect of 
interparticle friction, contact stiffness, and global damping on the numerical results. 
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CHAPTER FOUR: THE MODIFIED OVERLAPPING RIGID CLUSTERS  
4.1 Introduction 
Although the ORC method, described in chapter three, ensures that the mass of 
the particle is proportional to the area, it neither guarantees that the moment of inertia nor 
the center of mass of the ORC particle is identical to that of the actual particle.  The 
differences in the mass properties will have minimal effect on the simulations of static 
problems.  In order to accurately model dynamic problems, however, the mass properties 
should be identical for both the actual particle and the numerical model.  This chapter 
presents a modification for the Overlapping Rigid Clusters technique that ensures 
identical matching for both the center of gravity and the mass moment of inertia.  It also 
introduces a sequenced particle creation procedure that ensures the minimization of the 
uncovered area of the original particle and is operator independent.   
4.2 The modified ORC method 
4.2.1 Operator-independent particle creation procedure 
Two-dimensional outlines of a series of particles are obtained using a digital 
microscope or scanner.  The outline is then discretized into equal interval X-Y 
coordinates.  The area, mass, center of gravity, and mass moment of inertia about the 
normal axis passing through the center of gravity for the particle are determined.  
 110 
The elements/discs were added to fill the particle area and coincide with the particle 
outline under the following sequence/conditions: 
The first element (Disc # 1) is added such that its center coincides with the 
particle center of gravity.  The radius of disc # 1 is determined such that the Disc # 1 
should be tangent to the particle outline at least at one point.  Figure (4-1) shows Disc # 1 
for Michigan sand particle # 1.   
The next disc should be added in such a way that it minimizes the uncovered area 
of the actual particle.  Overlapping is allowed between the elements within the same 
particle.  It is clear that there is a unique disc that satisfies the condition of minimizing 
the uncovered area, so the operator-independency is ensured.  Figure (4-2) shows the 
sequence of adding the discs to particle # 1 of Michigan sand satisfying the minimum 
uncovered area condition.  The addition of the next discs should follow the same criterion 
of minimizing the uncovered area.   
The area ratio, defined in equation (4-1), should be checked after the addition of 
every disc to the particle.  Once the area ratio reaches the desired value (an area ratio 
equal or more than 95% may be considered satisfactory for most particles), the element 
addition should be stopped.  Defining the particle area as (Ap), the uncovered area of the 
particle as (Aunc), the area ratio (Ar) can be defined as:  
 1001 ×⎟⎟⎠
⎞
⎜⎜⎝
⎛ −=
p
unc
r A
AA  (4-1) 
Once the desired area ratio is satisfied, discs addition should be stopped.  
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Figure 4-1. Outline of particle # 1 of Michigan sand along with Disc#1  
Particle Outline
Element/Disc # 1
Uncovered Area
R1
(Xcg, Ycg)
(1)
(13)
(12)
(9)
(8)
(7)
(6)
(5)
(4)
(3)
(2)
(7)
(10)
(11)
Figure 4-2. Sequence of adding discs for particle # 1 of Michigan sand using the 
modified ORC method 
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4.2.2 Kinetic compatibility equations 
Four “compatibility discs” are selected to satisfy inertial compatibility conditions.  
It is preferable to choose the discs that mostly affect the mass and moment properties.  
For consistency, these will be the discs that have the maximum center coordinates in each 
of the four quadrants.   
The mass of the actual particle should be equal to that of the discs that constitute 
the clump.  The mass balance equation can be expressed as:  
 pi
N
1i mm =Σ =  (4-2) 
Where N is the number of discs within the particle, mi is the mass of disc # i, and 
mp is the mass of the particle.   
The center of gravity of both the actual and the created clump should be identical.  
The eccentricity of the discs centers from the actual particle center , in both X and Y 
direction, should be vanished.  This can be expressed as: 
 0xm ii
N
1i =Σ =  (4-3) 
 0ym ii
N
1i =Σ =  (4-4) 
Where xi is the distance in x-direction between the center of disc # i and the center 
of the particle and yi is distance in y-direction between the center of disc # i and the 
center of the particle.   
The mass moment of inertia for the created and the actual particle, around a 
perpendicular axis passing through the center of gravity, should also be identical.  This 
can be ensured as follows: 
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pi zz
N
1i II =Σ =  (4-5) 
where Izi is the mass moment of inertia for disc # i around the perpendicular axis passing 
through the particle center of gravity and Izp is the mass moment of inertia of the particle 
around its center of gravity. 
4.2.3 Procedure 
The densities of the compatibility discs are treated as unknowns of the kinetic 
compatibility equations. Solving the kinetic compatibility equations (Eqns 4-2 to 4-5) 
simultaneously, the densities of the compatibility discs can be determined.  If the four 
densities that result from solving the equations are positive values, the procedure is 
terminated, and kinetic similitude is ensured.   
On the other hand, if one or more of the densities were found to be negative 
values, more iterations are required.  In the next iteration the mass of the elements with 
negative densities should be set to small positive values (1 – 2 % of the total mass of the 
compatibility discs should be sufficient).  The masses of the remaining compatibility 
discs, with positive density, should be decreased to ensure the overall mass compatibility.  
The reduction in the masses should be proportion to each mass.  Four more compatibility 
discs should be chosen to invoke the compatibility equations for the next step.  The four 
compatibility discs chosen for second iteration may be different from the four discs used 
in the first iteration.  Also, some of the four compatibility discs used in the first iteration 
could be used in the next one.  The procedure is terminated once positive values are 
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obtained for the current four compatibility discs.  Table (4-1) shows the successive 
iterations used for Michigan sand particle # 1.    
In most particle shapes, two to three iterations are typically needed to satisfy the 
kinetic compatibility equations.  An excel spreadsheet had been developed to solve the 
compatibility equations.  Mass and inertia properties are calculated and the four kinetic 
compatibility equations are solved simultaneously.  The spreadsheet allows performing 
iterations in case of negative unit densities are obtained until a stable solution is achieved.   
4.3 Implementation of the modified ORC method 
Implementation of the modified ORC method was tested on two particles, one is 
rounded and the other is angular.  For each particle, the discs were inscribed within the 
particle outline using the criterion described earlier for minimizing the uncovered area of 
 Table 4-1. Procedure of enforcing the kinetic compatibility equations for particle # 1 
of Michigan sand 
Disc #
Initial 
unit 
densities
Kinetic 
compatibility's 
unit densities
Kinetic 
compatibility's 
relative masses
Positive 
relative 
masses 
Positive 
unit 
densities
5 0.305 3.117 3712.618 2324.562 1.951
7 0.305 -0.410 -2724.627 100.000 0.015
8 0.305 0.036 257.677 161.338 0.023
9 0.305 4.110 3584.705 2244.473 2.573
2 0.305 -0.564 -671.418 100.000 0.018
6 0.305 -0.068 -453.489 100.000 0.015
11 0.305 0.789 5602.067 4614.591 0.976
12 0.305 2.195 1914.279 1576.849 0.591
5 1.951 2.342
9 2.573 2.808
11 0.976 0.434
12 0.591 1.153
1st iteration
2nd iteration
3rd iteration
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the actual particle.  Michigan sand particle # 1 was chosen as an example for rounded 
particles, whereas Fraser River sand particle # 4 was chosen as an example for angular 
particle.    
4.3.1 Michigan sand particle # 1 
The outline of particle # 1 of Michigan sand is shown in fig. (4-3).  The original 
ORC technique was used to clump discs/elements in such a way that the outline of the 
clumped discs coincide with that of the particle (Ashmawy et al 2003).  The results are 
shown in fig.(4-4).  The coordinates of center of gravity, for each element/disc relative to 
that of the actual particle, the radii, and the relative densities are shown in the table (4-2).   
The modified ORC method was used to model the same particle.  The suggested 
element addition sequence, by minimizing the uncovered area, was used.  The results are 
shown in fig. (4-2).  Disc numbering shows the discs adding sequence to the particle 
outline.  Table (4-2) shows the elements properties.  The mass, mass moment of inertia, 
and eccentricities in both X and Y directions are tabulated in table (4-3) for both the 
original ORC and modified ORC methods.  The results show that the modified ORC 
technique identically matched the original particle mass properties, whereas the original 
ORC method did not.  
4.3.2 Fraser river sand particle # 4 
The particle outline is shown in fig. (4-5).  The results of using the original ORC 
method are shown in fig. (4-6), whereas those of using the modified ORC method are 
shown in fig. (4-7).  The element geometrical data along with the relative densities are  
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Figure 4-4. Generation of particle # 1 of Michigan sand using the ORC technique 
Figure 4-3. Outline of particle # 1 of Michigan sand 
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 Table 4-2. Elements/Discs properties for particle # 1 of Michigan sand 
X, mm Y, mm R, mm Unit Density X, mm Y, mm R, mm
Unit 
Density
1 2.93 20.08 8.28 0.34 0.00 0.00 20.48 0.31
2 -17.30 12.74 16.06 0.34 13.59 -2.85 14.49 0.02
3 -8.37 7.29 27.60 0.34 -14.71 11.59 10.62 0.31
4 -0.04 10.17 22.97 0.34 -1.37 -18.10 7.99 0.31
5 17.12 -0.64 18.24 0.34 -12.44 -15.02 6.70 2.34
6 17.81 -6.28 15.71 0.34 -0.59 7.36 15.87 0.01
7 -14.02 -15.70 9.98 0.34 -8.23 7.18 15.84 0.02
8 -1.83 -16.59 15.71 0.34 6.75 -3.85 16.36 0.02
9 8.93 -2.32 28.13 0.34 3.32 18.84 5.73 2.81
-4.90 -7.82 26.15 0.34 -17.89 12.93 8.20 0.31
11 -0.34 -0.93 36.17 0.34 -7.18 -4.38 13.35 0.43
12 18.19 -0.34 10.03 1.15
13 20.40 -8.09 6.81 0.31
Disc No.
Using The ORC technique Using the modified ORC technique
Table 4-3. Results of the ORC and the modified ORC techniques for Michigan sand 
particle # 1 
Property The actual particle Using the modified ORC technique Using the ORC technique
Area, mm2 1963.50 1963.50 1963.50
Eccentricity in X direction, mm 0 0 0.76
Eccentricity in Y direction, mm 0 0 -0.25
Mass moment of inertia, unit mass.mm2 6.41E+05 6.41E+05 1.51E+06
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Figure 4-5. Outline of particle # 4 of Fraser River sand 
Figure 4-6. Generation of particle # 4 of Fraser River sand using the ORC technique 
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shown in table (4-4).  The mass properties for the created particle using both methods 
along with the original particle properties are shown in table (4-5).   
4.4 Conclusion 
The overlapping rigid cluster (ORC) technique was developed by Ashmawy et al. 
(2003) to accurately model the angular particles within the context of geotechnical 
engineering.  Particles created using the ORC technique were found to be accurately 
matching the actual particles outlines.  The method does not ensure identical center of  
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Figure 4-7. Sequence of adding discs for particle # 4 of Fraser River sand using the 
modified ORC method 
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 Table 4-4. Elements/Discs properties for particle # 4 of Fraser River sand 
X, mm Y, mm R, mm Unit Density X, mm Y, mm R, mm
Unit 
Density
1 -5.37 26.74 10.89 0.36 0.00 0.00 16.35 0.26
2 -2.79 13.65 22.43 0.36 -0.97 -10.90 15.96 0.26
3 0.89 5.85 27.24 0.36 -3.49 12.09 14.85 0.03
4 23.09 -1.11 8.47 0.36 11.82 -0.84 12.47 0.26
5 6.44 -22.47 7.86 0.36 -6.23 22.91 9.03 0.26
6 -4.84 20.37 17.70 0.36 -6.32 -14.04 12.86 0.26
7 -11.75 2.66 8.55 0.36 0.45 3.64 18.07 0.26
8 16.36 -0.76 15.71 0.36 -6.32 -14.04 12.86 0.26
9 2.13 -5.48 26.61 0.36 4.54 -21.54 6.33 0.03
10 7.21 0.95 25.16 0.36 -13.39 -16.80 7.30 0.52
11 -3.60 -12.91 21.59 0.36 -14.75 -12.16 5.74 0.26
12 -14.23 -11.03 8.30 0.36 -5.76 19.37 11.52 0.03
13 -13.52 -16.46 9.81 0.36 -4.46 -21.29 7.12 0.26
14 3.53 -8.38 14.33 0.03
15 8.97 2.23 12.93 0.25
16 6.32 -25.06 3.78 0.26
17 -6.12 26.92 5.92 2.41
18 -14.89 1.24 3.61 0.26
19 17.89 -4.93 6.28 1.47
20 -16.76 -18.26 4.33 0.26
Disc No.
Using The ORC technique Using the modified ORC technique
Table 4-5. Results of the ORC and the modified ORC techniques for Fraser River sand 
particle # 4 
Property The actual particle Using the modified ORC technique Using the ORC technique
Area, mm2 1963.50 1963.50 1963.50
Eccentricity in X direction, mm 0 0 0.07
Eccentricity in Y direction, mm 0 0 0.39
Mass moment of inertia, unit mass.mm2 6.82E+05 6.82E+05 4.84E+04
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gravity and mass moment of inertia for both the original and the created particles.  A 
modification for the ORC technique was presented and verified for both rounded and 
angular particles.  The modification ensures identical mass, center of gravity, and mass 
moment of inertia for both the actual and the created particles.  A conditional element 
addition sequence was proposed in order to facilitate the future automation of the 
procedure.  The kinetic compatibility equations were imposed to ensure similitude with 
the original particle kinetics.  The method was implemented using Fraser river sand 
particle # 4 as a highly angular particle and Michigan sand particle # 1 as a rounded 
particle.  The modified ORC can be considered an important step to improve the 
modeling of angular particle using DEM especially in dynamic applications.
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 CHAPTER FIVE: EFFECT OF PARTICLE SHAPE AND ANGULARITY ON 
THE DILATION OF GRANULAR SOILS  
5.1 Introduction 
The effect of particle shape characteristics on dilatancy of granular soil is studied 
in this chapter through  2D numerical simulations of pure shear loading on particles with 
different shapes and angularities.  A brief introduction about dilatancy and particle shape 
characterization procedures is first introduced.  Model parameters, procedure, and testing 
program are included.  The effect of interparticle friction on the strength and dilatancy is 
also explored.      
5.2 Background 
5.2.1 Dilatancy in angular soils 
The stress strain diagram in shear for dense sand exhibits a peak followed by a 
reduction in the stress at large strain, whereas for loose sands, no peak usually observed.  
The increase of volume during shearing of dense sands shows that dilation occurs as the 
test proceeds, but after a small initial compression.  The magnitude dilation depends on 
soil density and confining pressure (Houlsby, 1999).  Many research studies have been 
performed to correlate dilation and peak shearing resistance angles.  The application of 
the well known sawtooth model (refer to chapter two) reveals a direct relation between
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 the two angles (Eqn. 2-8).  Other expressions include those by Taylor (1948), Skempton 
and Bishop (1950), Bishop (1954), Newland and Allely (1957), as Schofield and Worth 
(1968) are presented chapter two (refer to Eqns. 2-9 through 2-15).  Rowe (1962) theory 
of dilatancy along with the state dependent dilatancy were discussed in details in chapter 
two.  
5.2.2 Dilatancy and the discrete element method  
The discrete element method (DEM) was used, in many research studies, to 
explore fundamental granular soil properties such as strength and dilatancy.  Among 
those, Ting et al. (1995) presented the results of a DEM study on the influence of particle 
shape on strength and deformation of two-dimensional ellipse-based particles.  The 
samples were isotropically compressed to the required confining pressures and then 
loaded in biaxial compression.  The aspect ratio for the ellipse-shaped particles ranged 
from 1:1 to 1:3.  The angle of shearing resistance increased from 26˚ for an aspect ratio of 
1:1 to 55˚ for an aspect ratio of 1:3.  Volumetric change was found to be consistent with 
that of dense sands, with slightly higher dilation observed in the case of elongated 
particles.  In order to assess the relative importance of rolling and sliding, the contact 
deformation was separated into two portions; due to individual particle rotation and due 
to particle translation.  This decomposition demonstrated that for round particles, particle 
rotation accounts for twice as much motion as does particle translation.   
Ni et al. (2000) studied the effect of micro-properties of granular materials on 
shear strength and dilation characteristics through 3-D discrete numerical simulations of 
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the direct shear test.  Particles were simulated by means of two permanently bonded balls.  
Particle shape was identified using a shape factor defined as: 
 
R
rRSF +=  (5-1) 
where R and r are the radii of the larger and smaller spheres, respectively (fig. 5-1).  The 
shape factor was varied between 1 (sphere) and 2 (2 equal spheres).  A sample of 30,000 
particles was used throughout the study.  The top platen was simulated by two layers of 
spheres whereas the bottom platen was simulated by one layer.  The top platen was 
subjected to a constant force in order to apply the desired normal pressure.  The lower 
half of the shear box was moved horizontally using a constant velocity until a 
displacement of 10mm was reached.  The stress ratio and volumetric dilation were plotted 
versus shear displacement as shown in fig. (5-2).  The experimental results showed a 
higher peak strength was achieved at smaller deformation than the numerical model.  
Also the dilation of the numerical model sample was more than three times that of the  
 
Figure 5-1. Schematic illustration of bonded particle 
[Source: Ni et al. (2000)]  
 125 
 
Figure 5-2. Stress ratio and volumetric dilation at normal stress of 100kPa (30,000 
particle and aspect ratio 1:3) [Source: Ni et al. (2000)]   
Figure 5-3. Effect of particle shape (normal stress = 100kPa) 
[Source: Ni et al. (2000)]   
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real sample.  The authors attributed that to the relative size of the model sample 
compared to the actual sample size.  Both the residual strength and volumetric dilation 
decreased with increasing number of particles.  The authors recommended a minimum 
number of particles of 30,000 for the simulation.  The results shown in fig. (5-3) also 
indicate that the shear strength increases with increasing shape factor.  Volumetric 
dilation increased by 80% by changing the shape factor from 1 to 2.   
The effect of interparticle friction on the overall dilatancy and shear strength was 
studied by changing the interparticle friction angle from 25˚ to 35˚.  The peak friction 
angle increased, while the effect was minimal on the residual friction angle.  The 
volumetric dilation increased with increasing interparticle friction angle but at a 
decreasing rate.  The authors attributed the increase in dilation to the increase of the 
interface between particles and the subsequent increase in the shear zone thickness. 
5.3 Modification to particle shape characterization  
Sukumaran (1996) and Sukumaran and Ashmawy (2001) used the particle's two-
dimensional projection to characterize its shape and angularity.  The outline of a two-
dimensional projection of a particle can be quantified numerically by discretizing the 
perimeter. Thus the true shape of the particle is approximated by an equivalent polygon 
(Fig. 2-15).  The sampling angle is a critical factor in calculating the shape and angularity 
factor in the method proposed by Sukumaran and Ashmawy (2001).  Small sampling 
angles should be used if particle angularity is to be captured.  However, if the overall 
shape is the main concern, the sampling angle should be large enough to capture the first 
order morphology property (shape).  In the study presented by Sukumaran and Ashmawy 
 127 
(2001), the sampling angle was assumed 9˚ for determining both the shape and the 
angularity factor.  This may result in shape and angularity factors that are interrelated, 
which indicates that they are not independent parameters.   
In order to check the uniqueness of shape and angularity factors, the shape factors 
of eight different soils are plotted against their corresponding angularity factors.  The 
results shown in fig. (5-4) indicate that the two factors are not independent of each other.  
A correlation factor of (R2 = 0.4008), by fitting a straight line to the data, was observed.  
Sukumaran (1996) defined the Global Shape Factor using the same definition (Eqn. 2-40) 
of the shape factor but the sampling angle was 45˚.  The 45˚ sampling axes were rotated 
at 9˚ to accurately capture the particle outline.  Figure (5-5) shows a plot of the global 
shape factors versus the angularity factors for the same eight soils.  The correlation factor 
decreased to (R2 = 0.1158).   
In order to be able to identify the effect of particle shape and angularity separately 
on the dilatancy of granular soils, the shape and angularity factors should be totally 
independent.  It is clear that increasing the sampling angle has a significant effect on the 
shape factor.  To this extent, a sampling angle of 90˚ is proposed with a 9˚ rotation angle 
(fig. 5-6).  In addition to separating the effect of shape and angularity, the 90˚ intervals 
can be envisioned as two perpendicular axes, which represents a true global shape 
measurement.  The modified shape factors were calculated according to the proposed 
sampling angle and plotted against the angularity factors.  The results are shown in fig. 
(5-7).  It is clear that the two factors are independent since almost no correlation is  
 128 
 
Figure 5-4. The shape factor versus the angularity factors for all particles   
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Figure 5-5. The global shape factor versus the angularity factors for all particles   
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Figure 5-7. The modified shape factor versus the angularity factors for all particles   
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Figure 5-6. Sampling and rotation angles   
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observed (R2 = 0.0206).  The modified shape factor was calculated for different standard 
geometric shapes and resulting values are shown in table (5-1).  Shape factors, global 
shape factors, modified shape factors, and angularity factors for the different soil types 
that have been used in the research are summarized in table (5-2).  For the purpose of 
separating the effect of shape and angularity on dilatancy, the modified shape factor and 
the angularity factor were considered. 
It should be noted that using a sampling angle of 9˚, the smallest asperity that can be 
detected is an 18˚ asperity for both shape and angularity factors.  The use of a certain 
sampling angle may cause aliasing for some particle shapes or even for some standard 
shapes.  For example, the modified shape factor for the six-point star was 33%, while a 
100% modified shape factor was determined for eight-pointed and twelve-pointed stars.     
 
Shape Modified SF, %ge
Square & Circle 0.00
Rectangle (side ratio 2:1) 64.11
Rectangle (side ratio 4:1) 89.33
Rectangle (side ratio 10:1) 98.73
Ellipse (aspect ratio 2:1) 49.89
Ellipse (aspect ratio 4:1) 81.33
Six-pointed Star 33.33
Eight-pointed Star 0.00
Twelve-pointed Star 0.00
Table 5-1. The modified shape factor for some standard geometric shapes   
  
 Table 5-2. Shape factors, global shape factors, modified shape factors, and angularity factors for soils used in the study   
Material Particle # 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
SF 43.56 48.37 45.79 60.21 21.05 40.78 50.62 48.24 43.89 29.99 36.84 29.18 38.75 51.08 35.71 49.44 40.08 44.45 38.38
Global SF 34.68 48.40 46.82 69.81 11.39 42.48 33.30 39.68 45.79 20.66 23.37 27.56 28.02 47.74 22.32 51.70 27.38 37.64 32.48
Modified SF 39.43 66.74 62.59 93.21 30.44 45.02 50.29 37.84 65.37 29.22 44.35 36.94 49.12 54.74 43.94 72.40 41.05 47.59 39.33
AF 18.52 15.23 18.77 18.25 7.98 9.79 28.84 31.97 14.36 12.25 17.93 8.14 21.60 25.15 19.85 26.74 31.12 20.39 24.87
SF 40.77 39.25 51.26 55.32 52.86 34.11 43.89 50.87 36.57 59.03 47.24
Global SF 43.35 34.82 47.85 53.98 48.63 30.21 37.66 33.28 22.43 44.40 48.36
Modified SF 54.87 54.93 50.13 73.81 45.84 38.66 40.15 36.97 38.47 48.69 51.07
AF 29.14 13.68 37.28 22.84 18.26 14.93 25.24 39.96 17.66 50.78 44.42
SF 24.49 26.07 17.93 39.42 32.72 36.47 19.90 31.14 39.86 27.29
Global SF 21.56 23.51 16.89 36.84 34.64 37.15 14.64 30.97 36.76 21.96
Modified SF 53.40 35.38 46.86 51.81 32.70 73.42 56.06 33.26 41.01 34.52
AF 5.31 5.27 3.59 9.61 4.63 6.63 5.95 7.20 10.64 11.16
SF 40.21 41.00 46.09 55.71 41.68 48.99 48.09 38.57 35.23 45.74 56.22 38.56 58.41 35.38
Global SF 32.42 44.21 44.76 57.01 34.36 50.09 40.19 32.41 26.22 43.74 52.05 34.38 46.47 32.37
Modified SF 45.84 57.68 59.86 64.54 39.02 74.32 40.00 52.74 43.66 33.37 57.78 37.55 54.17 46.63
AF 27.68 16.98 20.80 22.23 17.37 21.86 61.94 26.38 30.22 26.88 24.63 29.58 44.16 9.31
SF 41.65 41.17 28.93 38.53 27.52 40.58 47.27 42.96 48.01 42.60 27.50
Global SF 37.37 38.73 25.93 34.88 19.71 33.23 44.53 43.73 41.59 45.50 14.24
Modified SF 40.77 56.14 37.73 43.21 39.30 36.38 64.92 65.63 62.49 49.21 32.02
AF 16.00 15.83 10.93 11.99 11.01 13.90 16.18 11.80 24.47 9.45 23.21
SF 49.65 62.44 47.81 76.60 39.59 39.73 48.15 54.37 37.07 50.38 49.61 48.30 50.79 48.69 67.11 54.11 40.50 53.26 45.21
Global SF 45.95 62.52 37.75 65.36 31.14 27.50 43.93 51.50 28.15 45.17 36.27 41.09 41.54 30.27 70.39 48.70 30.44 54.51 32.95
Modified SF 44.03 62.64 50.92 62.20 40.90 38.96 64.90 51.70 42.18 47.99 42.92 50.03 54.86 36.69 70.65 69.94 44.18 60.24 51.34
AF 35.61 34.86 27.53 33.41 21.35 32.86 25.17 22.18 17.37 40.47 26.69 30.23 33.04 42.77 19.63 30.98 15.35 44.58 18.10
SF 42.36 27.98 41.25 48.38 27.20 56.75 46.72 41.84 33.71 31.46
Global SF 38.69 19.40 43.31 42.27 17.21 56.94 56.94 29.62 27.11 20.75
Modified SF 39.02 34.37 32.98 45.33 55.89 56.27 38.65 36.59 41.36 44.38
AF 8.24 10.52 13.08 21.66 12.28 25.34 13.91 19.09 12.91 16.53
SF 38.18 26.35 22.96 33.98 36.54
Global SF 28.68 20.40 18.41 29.17 35.88
Modified SF 39.33 31.95 29.97 43.43 50.43
AF 12.43 8.68 7.04 11.08 6.48
Daytona 
Beach 
Sand
Ottawa # 
45 
Ottawa # 
20/70 
Syncrude 
Tailings 
Sand
Fraser 
River 
Sand
Michigan 
Dune 
Sand
Ottawa # 
90
Ottawa 
0.1 mm
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5.4 Particle groups with respect to shape and angularity  
Eight different soils that include 99 particles were used in the numerical model.  
The modified shape factors for all particles varied between 29.22 and 93.21 with an 
average value of 48.32, whereas the angularity factors varied between 3.59 and 61.94 
with an average value of 20.73.  The particles were divided into groups according to their 
shape and angularity factors.  Particles belong to different soils could be classified in the 
same shape or angularity group.  The properties of different groups are summarized in 
table (5-3).  For each group, a subroutine was written to PFC2D using the program 
language “fish” in order to create the corresponding clumps.  The clumps were created 
according to the overlapping rigid cluster method (Ashmawy et al., 2003). 
5.5 Numerical simulations 
Typical loading conditions for evaluating soil strength and dilatancy properties 
 Table 5-3. Shape and angularity factors for different groups   
Particles Group  SF range, %ge  SF average, %ge  AF range, %ge  AF average, %ge
AF1 30 -73 40.00 05 - 10 7.50
AF2 32 - 74 54.00 20 - 25 22.50
AF3 37 - 60 50.00 40 - 45 42.50
SF1 30 - 35 32.50 05 -27 13.00
SF2 50 - 55 52.50 05 -44 25.00
SF3 70 - 75 72.50 07 -27 20.00
SF1(AF 15-25) 30 - 35 32.50 15 - 25 20.00
SF2(AF 15-25) 50 - 55 52.50 15 - 25 20.00
SF3(AF 15-25) 70 - 75 72.50 15 - 25 20.00
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are shown in fig. (5-8).  Only the stress increments are illustrated in the figure. Among 
those, the triaxial test is the most common laboratory  method used in both practice and 
research to determine soil strength parameters.  The sample is initially subjected to a cell 
pressure and the veridical stress is increased until failure.   
As stated, dilatancy (d) can be defined, with respect to triaxial or biaxial testing 
conditions, as the ratio of plastic volumetric strain increment to the plastic deviator strain 
increment.  Conceptually, dilatancy is the change of volume that corresponds to shearing 
of granular soils (Reynolds, 1885).  However, it is known that there is a volumetric 
change associated with the increase of confining pressure during the triaxial test.  To this 
end, the volumetric strain measured during triaxial testing of granular soils is attributed 
not only to changes in shear stresses, but also to variations in mean total stress.  In order 
to obtain volumetric strain that is solely due to shearing the soil (i.e. Dilatancy), either 
simple shear (fig. 5-7c) or pure shear (fig. 5-7d) testing conditions should be applied.  On 
the other hand, results from direct shear tests (fig. 5-7b) are considerably biased due to 
boundary conditions and a stress path that are hard to interpret or analyze.  Although the 
simple shear test (Fig. 5-7c) is difficult to perform, it has the advantage of applying pure 
shear loading conditions, so dilatancy can be extracted directly from the test results.  An 
identical stress path (at 45˚ angle) can be achieved in a triaxial configuration by 
simultaneously varying the vertical and horizontal stresses in equal magnitudes and 
opposite directions.  This is the pure shear loading sequence (Fig. 5-7d) that was used 
throughout the current simulations to study the effect of particle shape and angularity on 
dilatancy.  
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5.5.1 Sample preparation 
The particles were assumed to be of unit thickness (2D simulations).  The 
particles were generated by radius expansion in which a particle size range, porosity, and 
sample size are specified.  The number of the particles was determined to satisfy the 
sample dimensions, particle size range, and target porosity.  The walls (boundary 
conditions) used to confine and load the sample are generated longer than the actual size 
to account for large strains expected during the test.  After initial compaction, the lateral 
walls were given stiffnesses that are one-tenth of the particle stiffness in order to simulate 
a soft boundary to ensure uniform stresses.  The sample dimensions and properties are 
summarized in table (5-4).  After the circular particles were created satisfying the target 
porosity, the angular substitution scheme was invoked to regenerate the angular particles 
according to the desired particle shape and angularity groups.   
5.5.2 Sample consolidation to the desired confining pressure 
After the angular particles (clumps) were created, strains were determined by 
tracking the position of the walls.  Stresses on each wall were computed by dividing the 
total force acting on the wall by the sample length/width.  Stresses acting on the sample 
in each direction were obtained by taking the average of the stresses acting on each set of 
opposing walls.  The sample was isotropically consolidated to the desired confining 
pressure by moving the walls inward with a controlled velocity.  A servo “fish” function 
was used to control the wall velocities in both horizontal and vertical directions.  The 
wall velocity is always proportional to the difference between the current and target 
confining pressure.  The consolidation procedure usually involves volumetric change that  
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Figure 5-8. Typical loading conditions for strength and dilatancy testing: (a) triaxial; 
(b) direct shear; (c) simple shear; (d) pure shear   
[Source: Ashmawy et al. (2003)]   
Table 5-4. Model dimensions and properties   
Sample height, m 12
Sample width, m 6
Height-to-width ratio 2
Number of particles 2574 / 2394 / 2215
Minimum radius, m 0.075
Maximum radius, m 0.10
Confining pressure, MPa 1.00 / 0.50 / 0.25
Density, kg/m3 1000
Normal stiffness, N/m 5.00E+08
Shear stiffness, N/m 5.00E+08
Interparticle friction coefficient 0.50
Porosity 0.14 / 0.20 / 0.26
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may be expansion or compression, depending on the desired confining pressure and 
porosity.  The volume change corresponds to applying the confining pressure on circular 
particles was determined and saved.  In order to ensure a unique porosity after the 
consolidation stage for all soils, samples that involve a volumetric change different from 
that of the discs were brought back to the same porosity by performing cyclic 
consolidation.  After consolidation, the current conditions were stored as initial 
conditions in order to begin loading stage.   
 5.5.3 Pure shear loading 
The failure surfaces, within the context of critical state soil mechanics, in q-p\-ν 
space are shown in fig. (5-9).  For sands, the tension cutoff is a vertical wall at p/ = 0.    
Pure shear loading (confining pressure is constant throughout the test) was used in the 
numerical simulations.  Initial conditions were expressed by (p0\, ν0, q0 = 0), where p0\ is 
the confining pressure, ν0 is the initial specific volume (1+e), and q0 is the initial shear 
stress.  The stress path for pure shear is an inclined path in the constant p0\ plane, as 
shown in fig. (5-9).  Pure shear loading is continued until the stress path hits the Hvorslev 
surface at (qpeak, νpeak) and then the strength decreases along Hvorslev’s surface within the 
same constant confining pressure plane, to the critical state line.  It should be noted that, 
if the sample initial conditions is close enough to the CSL such that the stress path hits 
Roscoe’s surface or the CSL, no peak will be defined, as shown later in some numerical 
simulations. 
In the numerical simulations, pure shear loading was applied by releasing the top 
and bottom platens from the servo control function and apply constant inward velocity  
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Figure 5-9. Stress path during pure shear testing (within the context of critical 
q
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P0\
vCSL
qCSL
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(compression loading).  In order to ensure a stable solution, the velocity was increased 
gradually until the target velocity is achieved. The top and bottom platens then continued 
to move at a constant velocity to the end of the test.  Throughout the solution, the 
increase in the vertical stress was measured and target horizontal stress was set to 
decrease by the same amount, which ensures pure shear loading condition.  The loading 
terminated at axial strain around 30% to ensure that critical state have been reached.  In 
most tests, the critical state was reached before 30% axial strain but the loading continued 
to ensure that instability didn’t occurred at very high strains.  The confining pressure, 
shear stress, axial strain, and volumetric strain were tracked and saved using the “history” 
feature of the PFC2D for further analysis and comparison.  
5.5.4 Simulation program 
The objective of the study is to explore the dependency of dilatancy on particle 
shape and angularity.  Pure shear testing was first performed on the circular particles as a 
reference for comparison with different groups of angular particles.  The pure shear test 
was then performed on groups AF1, AF2, AF3, SF1, SF2, SF3, SF1(AF 15-25), SF2(AF 
15-25), and SF3(AF 15-25) under the same conditions.  Different sample states should be 
considered to evaluate the effect of particle shape and angularity on strength and 
dilatancy.  The state parameter introduced by Been and Jefferies (1986) is an established 
parameter to define the sample position with respect to the critical state line.  The state 
parameter determines how far the current condition is from the critical state.   
The numerical simulations were performed on the same shape and angularity 
groups with three different initial state parameters.  Confining pressures of 1.0MPa, 
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500KPa, and 250KPa were used.  The corresponding porosities were 0.14, 0.2, and 0.26, 
respectively.  In all simulations, the interparticle friction coefficient was set to 0.5, which 
corresponds to an angle of interparticle friction of 25.56˚ (within the recommended range 
of 5˚ – 40˚).  The performed numerical simulations were summarized in table (5-5).   
The effect of friction angle was also studied in order to explore whether changing 
the friction coefficient, for a circular particles, can be utilize as an alternative to modeling 
angular particles.  For that purpose, the test was performed on the circular particle using 
friction coefficients in the range of 0.25 – 2.50, which correspond to interparticle friction 
angles of 14˚ - 68˚. 
 
Group P
/ = 1.0 MPa 
& n = 0.14
P/ = 500 KPa 
& n = 0.20
P/ = 250 KPa 
& n = 0.26
AF1
AF2
AF3
SF1 N/A N/A
SF2 N/A N/A
SF3 N/A N/A
SF1 (AF 15-25)
SF2 (AF 15-25)
SF2 (AF 15-25)
Discs (f = 0.25)
Discs (f = 0.50)
Discs (f = 0.75)
Discs (f = 1.00)
Discs (f = 1.25)
Discs (f = 1.50)
Discs (f = 1.75)
Discs (f = 2.00)
Discs (f = 2.25)
Discs (f = 2.50)
Table 5-5. Simulation Program   
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5.6 Numerical results 
5.6.1 Confining pressure (1.0MPa), voids ratio (0.162), and 2574 particles 
Figure (5-10) shows the shear stress-shear strain results for pure shear test 
performed on circular particles.  The results define a peak shear strength of 500 kPa 
which occurred at a shear strain of 4.0% followed by a decrease in the shear strength to a 
residual value of 400 kPa.  The volumetric strain was plotted against the shear strain and 
shown in fig. (5-11).  The plot clarifies that dilation occurs throughout the test with the 
maximum rate of dilation being at low shear strains (3.0% - 8.0%).  Beyond the peak 
strength, the rate of dilation (dilatancy) begins to decrease until the critical/steady state is 
reached, at which the rate of dilation is zero.  Figure (5-11) shows that zero rate of 
dilation occurred at shear strain of 13% and remain almost constant.  The maximum 
volumetric strain was in the range of 3.2% to 3.72%.  The maximum rate of dilation was 
determined by performing regression analysis to the portion of volumetric strain-shear 
strain curve that corresponds to shear strain of 3.0% to 8.0% and a value of 0.329 was 
determined.  Moving average was used in presenting the numerical results.   
5.6.1.1 Effect of angularity  
The shear stress-shear strain and volumetric strain-shear strain curves for groups 
AF1, AF2, and AF3 are shown in figs. (5-12) and (5-13).  The results show that the peak 
strength increases with increasing angularity factor.  The peak strength in groups AF2 
and AF3 occurred at smaller strains than in the circular particles.  The residual/critical 
state shear strength increased compared to circular particles.  Groups AF2 and AF3  
 141 
 
 
Figure 5-10. Shear stress-shear strain plot for circular particles     
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Figure 5-11. Volumetric strain-shear strain plot for circular particles     
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showed approximately the same critical state shear strength, which implies that the effect 
of angularity on critical state shear strength decreases at high angularity factors.  The plot 
of volumetric strain-shear strain (fig. 5-13) shows that the volumetric strain increased 
dramatically for group AF3 (almost twofold), while about 25% increase was noticed for 
group AF2, which clarifies the effect of angularity on dilation.  The large increase in the 
dilation for group AF3 compared to that of group AF2 can be explained by recalling that 
both of the groups has almost the same critical state shear strength but group AF3 has 
higher peak strength (fig. 5-12).  The excess strength of AF3 over AF2 (the difference 
between the two peaks) is due to the difference in dilation indicated by the increase of 
volumetric strain for group AF3. The volumetric strain of group AF1 was approximately 
the same as that of circular particles, which can be attributed to the very low angularity of 
group AF1.  The maximum dilation angle “ψ” (the slope of the volumetric strain-shear 
strain curve is equal to sin ψ) in case of AF1was lower than that of circular particles, 
which can attributed to the stress strain behavior of both of them.  The circular particles 
showed a clearly defined peak followed by a residual strength, which is 20% lower than 
the peak strength, so a reasonable maximum dilation angle is observed.  However, in case 
of AF1, the increase of the peak over the residual strength was 12%, so a lower maximum 
dilation angles was observed. An almost identical maximum dilation angle was observed 
in case of AF2, while, a noticeable increase was noticed for group AF3.   
The angularity factor was plotted against the maximum volumetric strain.  The results are 
shown in fig. (5-14), which shows a remarkable increase of maximum volumetric strain 
with angularity.   
 143 
 
 
Figure 5-12. Shear stress-shear strain curves for different angularity groups     
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Figure 5-13. Volumetric strain-shear strain curves for different angularity groups     
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Figure 5-14. Maximum volumetric strain versus angularity factor for different 
angularity groups     
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Figure 5-15. Maximum dilation and residual shearing resistance angles versus 
angularity factor for different angularity groups     
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The correlation between maximum volumetric strain and angularity factor (at SF 40 -54) 
can be written as: 
  )AF(02.0maxv e52.3)( =ε       [R2 = 0.9787] (5-1)         
A plot of the angularity factor versus both the maximum dilation angle and the residual 
shearing resistance angle is shown fig. (5-15).  The maximum dilation angle decreased       
for group AF1 and increased for groups AF2 and AF3 compared with that of the circular 
particles.  The residual shearing resistance increased at a decreasing rate and then 
remained constant (φres)AF2 = (φres)AF3.   
The results show that dilatancy is strongly affected by the angularity.  
Specifically, the angularity factor has a solid correlation with strength and dilatancy 
properties of granular soils. 
5.6.1.2 Effect of particle shape  
The shear stress-shear strain and volumetric strain-shear strain relationships for 
groups SF1, SF2, and SF3 along with the circular particles are plotted in figs. (5-16) and 
(5-17).  The results show an increase of both the peak and residual strengths compared 
with circular particles.  The volumetric strain was almost identical for group SF1 and 
circular particles, while it was higher for groups SF2 and SF3.  The maximum volumetric 
strain of group SF3 was slightly more than that of group SF2.  According to the 
difference in the shape factor between groups SF2 and SF3, it was expected that group 
SF3 dilates much more than group SF2, which didn’t happen.  This may be attribute to 
the difference in angularity between the particle that constitute the two groups (as 
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discussed later).  The maximum dilation angles or the three groups were almost the same, 
which implies that the effect of shape is not clearly defined.  It is clear that the results are 
not consistent and there is no clear trend can be drawn, unlike the observations for 
different angularity groups.  This may be attributed to the fact that the shape factors for 
groups AF1, AF2, and AF3 are in the same range.  In contrast, the angularity factor for 
different shape groups is not necessarily within the same range.  Therefore, there may be 
a combined influence of shape and angularity.   
The shape factor was plotted against the maximum volumetric strain for the three groups 
along with the circular particles.  Figure (5-18) shows that the maximum volumetric 
strain increases with the increase of shape factor, but a sharp decrease in the increasing 
rate was noticed at high shape factors.  The effect of particle shape on both the maximum 
dilation and the residual shearing resistance angles is shown in fig. (5-19).   
The results show that the effect of shape is not as clear as that of the angularity.  
As stated before, this may be attributed to interference of the influence of shape and 
angularity.  To overcome this interference and clearly identify the effect of particle shape 
on dilatancy, three more shape groups were created such that the range of angularity 
factors was identical for all of them.  These groups are SF1(AF 15-25), SF2(AF 15-25), 
and SF3(AF 15-25).   The results for these groups are shown in figs. (5-20) through (5-
23).  The peak strengths were almost identical for the three shape groups with an increase 
of 25% of that of the circular particles.  However, the residual strengths were higher for 
higher shape factors.  The results imply that the effect of shape factor on the peak 
strength is minimal compared with that of angularity factor. 
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The maximum volumetric strain increased with increasing the shape factor (fig. 5-
22).  The maximum volumetric strain can be expressed in terms of shape factor (AF 15-
25) as follows:  
 )SF(0083.0maxv e57.3)( =ε       [R2 = 0.9279] (5-2) 
Figure (2-23) shows that the maximum dilation angle increased slightly for 
SF1(AF15-25) and decreased for both SF2(AF15-25) and SF3(AF15-25).  It can be 
correlated to the shape factor (AF 15-25) as follows: 
 ( ) ( ) 258.19SF2022.0SF0038.0 2max ++−=ψ       [R2 = 0.998] (5-3)   
 Residual shearing resistance angles were plotted versus the shape factor and the 
results are shown in fig. (5-23).  It can be correlated to the shape factor (AF 15-25) as 
follows: 
 )SF(005.0residual e482.21=φ       [R2 = 0.9531] (5-4) 
The shape factor groups with constant average angular shape (the modified shape 
factor groups) had more clear effect on dilatancy and strength properties.  The steady 
state for particles with very high shape factor was reached after large strains, while for 
lower shape factors steady state was established at lower strain values. 
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Figure 5-16. Shear stress-shear strain curves for different shape groups     
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Figure 5-17. Volumetric strain-shear strain curves for different shape groups     
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Figure 5-18. Maximum volumetric strain versus shape factor for different shape 
groups     
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Figure 5-19. Maximum dilation and residual shearing resistance angles versus 
angularity factor for different shape groups     
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Figure 5-20. Shear stress-shear strain curves for different modified shape factor groups   
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Figure 5-21. Volumetric strain-shear strain curves for different modified shape factor 
groups     
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Figure 5-22. Maximum volumetric strain versus shape factor for different modified 
shape factor groups     
Figure 5-23. Maximum dilation and residual shearing resistance angles versus 
angularity factor for different modified shape factor groups     
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5.6.2 Confining pressure (500 KPa), voids ratio (0.25), and 2394 particles 
5.6.2.1 Effect of angularity  
The shear stress-shear strain and volumetric strain-shear strain curves for groups 
AF1, AF2, and AF3 are shown in figs. (5-24) and (5-25). The peak shear strength was 
observed neither for the circular particle nor for the angularity groups (the sample initial 
condition is very close to the CSL, as explained later).  The residual strength was higher 
for group AF1 than for circular particles, while the increase for AF2 and AF3 was very 
close and higher than group AF1.  The volumetric strain increased gradually with the 
increase in angularity.  Group AF2 needed 50% shear strain to reach a constant 
volumetric strain.   Figures (5-26) and (5-37) show the dependency of the maximum 
volumetric strain, the maximum dilation angle, and the residual shearing resistance angle 
on particle angularity.  The correlation between maximum volumetric strain and 
angularity factor (SF 40 -54) can be written as: 
  ( ) ( ) 186.1AF1525.0AF0012.0)( 2maxv ++−=ε       [R2 = 0.9824]  (5-5) 
The maximum dilation angle can be correlated to the angularity factor (SF 40- 54) 
as follows:  
 )AF(0386.0max e2157.3=ψ       [R2 = 0.8142]  (5-6)  
The residual shearing resistance angle increased at a decreasing rate with 
angularity (fig. 5-27).  The correlation of the residual shearing resistance angle to the 
angularity factor (SF 40- 54) may be written as follows:  
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 ( ) ( ) 049.25AF6063.0AF0097.0 2residual ++−=φ       [R2 = 0.9871]  (5-7) 
5.6.2.2 Effect of particle shape  
The shear stress-shear strain and volumetric strain-shear strain relationships for 
groups SF1(AF 15-25), SF2(AF 15-25), and SF3(AF 15-25) along with the circular 
particles are plotted in figs. (5-28) and (5-29).  Again, the peak shear strength could not 
be defined for the circular particle nor for the modified shape groups.  The behavior of 
groups SF2(AF 15-25) and SF3(AF 15-25) was almost identical and the steady state 
shear strength was not reached even after almost 60% shear strain.  No clear trend was 
observed for the volumetric strain of the three groups.  All of them exhibited more 
volumetric strain than that of circular particles.  The shape factor was plotted against the 
maximum volumetric strain for the three groups along with the circular particles.  Figure 
(5-30) shows that the maximum volumetric strain increases with the shape factor 
according to the following correlations: 
 )SF(0164.0maxv e07.1)( =ε       [R2 = 0.9606] (5-8) 
 or        ( ) 0195.1SF0309.0)( maxv +=ε       [R2 = 0.9865] (5-9)  
The maximum dilation angle increased for SF1(AF 15-25) and then decreased for 
both SF2(AF 15-25) and SF3(AF 15-25) as shown in fig. (5-31), which confirm the same 
trend observed under [ p/ = 1.0 MPa and n = 0.14 ].  Figure (5-31) shows that the residual 
angle increased for SF1(AF 15-25) and almost identical increase was observed for 
SF2(AF 15-25) and SF3(AF 15-25).  A correlation can be assumed between the residual 
shearing resitance angle and the shape factor (AF 15-25) as follows: 
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Figure 5-24. Shear stress-shear strain curves for different angularity groups     
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Figure 5-25. Volumetric strain-shear strain curves for different angularity groups     
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Figure 5-26. Maximum volumetric strain versus angularity factor for different 
angularity groups    
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Figure 5-27. Maximum dilation and residual shearing resistance angles versus 
angularity factor for different angularity groups    
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Figure 5-28. Shear stress-shear strain curves for different modified shape factor groups   
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Figure 5-29. Volumetric strain-shear strain curves for different modified shape factor 
groups     
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Figure 5-30. Maximum volumetric strain versus shape factor for different modified 
shape factor groups     
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Figure 5-31. Maximum dilation and residual shearing resistance angles versus 
angularity factor for different modified shape factor groups     
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 )SF(0046.0residual e165.25=φ       [R2 = 0.9038] (5-10) 
5.6.3 Confining pressure (250 KPa), voids ratio (0.35), and 2215 particles 
5.6.3.1 Effect of angularity 
The shear stress-axial strain and volumetric strain-shear strain curves for groups AF1, 
AF2, and AF3 are shown in figs. (5-32) and (5-33).  The peak shear strength was not 
observed for the circular particle nor for the modified shape groups except for group 
AF3, which shows a slightly defined peak strength.  The residual strength increased for 
all group with almost identical increase for groups AF2 and AF3.  The volumetric strain 
increased dramatically for AF1 and AF2 and increased even further for group AF3.  
Group AF2 needed 60% shear strain to reach a constant volumetric strain.   Figures (5-
34) and (5-35) show the dependency of the maximum volumetric strain, the maximum 
dilation angle, and the residual shearing resistance angle on particle angularity.  The 
maximum volumetric strain increased at a decreasing rate as the modified shape factor 
increased.  The maximum dilation angle may be correlated to the angularity factor (SF 
40-54) as follows:   
 852.1)AF(2185.0max +=ψ       [R2 = 0.806] (5-11) 
The residual angle increased with almost identical values observed for AF2 and 
AF3.  A correlation of the residual angle to the angularity factor (SF 40-54) may be 
written as: 
 755.32)AF(4159.0)AF(0065.0 2residual ++−=φ       [R2 = 0.9959] (5-12) 
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5.6.3.2 Effect of particle shape  
The shear stress-shear strain and volumetric strain-shear strain relationships for 
groups SF1(AF 15-25), SF2(AF 15-25), and SF3(AF 15-25) along with the circular 
particles are plotted in figs. (5-36) and (5-37).  No peak shear strength was defined except 
for group SF1(AF 15-25), where a slightly defined peak strength is observed.  Group 
SF3(AF 15-25) underwent continuous increase in shear strength throughout the test.  The 
volumetric strain behavior for groups SF1(AF 15-25) and SF2(AF 15-25) was almost 
identical and exhibited about three times the final volumetric strain of circular particles.  
Group SF3(AF 15-25)  reached the steady state with respect of volumetric strain after a 
shear strain of 65%.   
The modified shape factor was plotted against the maximum volumetric strain for 
the three groups along with the circular particles.  Figure (5-38) shows that the maximum 
volumetric strain increases with the shape factor (AF 15-25) according to the following 
correlations: 
 8678.0)SF(046.0)( maxv +=ε       [R2 = 0.9583] (5-13) 
Figure (5-39) shows that the maximum dilation angle increased for SF1(AF 15-
25) and then decreased for both SF2(AF 15-25) and SF3(AF 15-25) according to the 
following correlation: 
 1649.3)SF(1203.0)SF(0019.0 2max ++−=ψ       [R2 = 0.842] (5-14) 
  Figure (5-39) shows a clear trend for the increase of the residual shearing 
resistance angle with the increase of shape factor, which can be expressed as: 
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Figure 5-32. Shear stress-shear strain curves for different angularity groups     
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Figure 5-33. Volumetric strain-shear strain curves for different angularity groups     
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Figure 5-34. Maximum volumetric strain versus angularity for different angularity 
groups     
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Figure 5-35. Maximum dilation and residual shearing resistance angles versus 
angularity factor for different angularity groups     
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Figure 5-36. Shear stress-shear strain curves for different modified shape groups     
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Figure 5-37. Volumetric strain-shear strain curves for different modified shape groups   
-1
0
1
2
3
4
5
0 10 20 30 40 50 60 70 80
Shear Strain, %
V
ol
um
et
ric
 S
tra
in
, %
   
 .
SF1 (AF 15-25)
SF2 (AF 15-25)
SF3 (AF 15-25)
Discs
Confining Pressure = 250 KPa
Voids Ratio = 0.35
 163 
 
Figure 5-38. Maximum volumetric strain versus shape factor for different modified 
shape groups     
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Figure 5-39. Maximum dilation and residual shearing resistance angles versus 
angularity factor for different modified shape groups     
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 761.30)SF(1581.0residual +=φ       [R2 = 0.9945] (5-15) 
5.7 Critical state line and particle shape characteristics 
The previous results confirmed that the strength and dilatancy properties of 
granular soils depend on particle shape and angularity.  The changes observed on 
dilatancy characteristics of different groups are not attributed solely to particle angularity 
or shape.  Confining pressure and the corresponding initial void ratio contributed to the 
behavior as well.  To isolate the effect of particle shape and angularity, the critical state 
lines for different groups were identified in the v-p/ space.  The specific volume was 
plotted against the confining pressure for circular particles and for different angularity 
groups, and the results are shown in fig. (5-40).   
The results show that the critical state lines for different angularity groups were 
shifted above that of circular particles, which confirms that the dilatancy increases with 
angularity.  The results also explained the reasoning behind the absence of a peak in some 
stress-strain curves when confining pressures of 250KPa or 500 KPa were applied.  The 
initial conditions were very close to the critical state line such that the stress path during 
pure shear intersected with Hvorslev surface very close to the critical state line.   
The critical state lines for different modified shape factor groups are shown in fig. 
(5-41).  The critical state line for the first and second groups were almost identical, while 
that of the third group was shifted considerably.  Again, the result confirmed the 
dependency of dilatancy on particle shape.  It can be concluded that the angularity factor 
had a more remarkable effect on dilatancy than the shape factor. 
 165 
 
 
Figure 5-40. Critical state lines for different angularity groups     
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Figure 5-41. Critical state lines for different shape groups     
1.15
1.20
1.25
1.30
1.35
1.40
1.45
1.50
200 300 400 500 600 700 800 900 1000 1100
Confining pressure, KPa
Sp
ec
ifi
c 
vo
lu
m
e
Initial conditions
Circular particles
Group SF1(AF 15-25)
Group SF2(AF 15-25)
Group SF3(AF 15-25)
 166 
5.8 Effect of interparticle friction 
Interparticle friction is recognized as an important property that affects strength 
and dilatancy properties of the granular soils.  The interparticle friction angle was 
correlated to the critical state shearing resistance angle in different studies (Caquot, 1934; 
Bishop, 1954).  Since the critical state shearing resistance along with the dilation 
constitute the overall shearing resistance of the granular soils, the interparticle friction 
angle is envisioned as a critical property to the global shear strength.  A numerical study 
of the effect of interparticle friction angle on the dilatancy and strength properties of 
angular soils was performed.  The input parameters are those shown in table (5-4).  The 
interparticle friction coefficient was changed in the range 0.25 - 2.50 (step = 0.25).  The 
study was performed under the same confining pressures used earlier in this chapter 
(250KPa, 500KPa, and 1.0 MPa). 
5.8.1 Confining pressure (1.0 MPa), voids ratio (0.162), and 2574 particles 
The shear stress-shear strain and volumetric strain-shear strain curves are shown 
in fig. (5-42) and (5-43).  The results show that the peak strength increases with 
increasing interparticle friction, with the peak occurring at small strains. The rate of 
increase decreases for higher interparticle frictions.  The critical state shear strength 
slightly increased with increasing interparticle friction and was almost identical for 
interparticle friction coefficients higher than 1.75.  The volumetric strain-shear strain plot 
(fig. 5-43) shows that the volumetric strain increases with the increase of the interparticle 
friction but again, with decreasing rate for higher values.  For interparticle frictions 
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higher than 2.0, almost identical maximum volumetric stains were observed.  The 
maximum dilation angle dependent dramatically on interparticle friction, but was almost 
identical for values higher than 1.50.  The effect of interparticle friction on maximum 
volumetric strain, maximum dilation angle, and residual shearing resistance angle are 
summarized in figs. (5-44) and (5-45).  The behavior can be expressed by fitting trend 
lines to the data as follows:   
 47.5)fln(289.2)( maxv +=ε       [R2 = 0.9842] (5-16) 
 213.36)fln(411.21max +=ψ       [R2 = 0.9734] (5-17) 
 7743.0max )f(4.31=ψ       [R2 = 0.9622] (5-18) 
 117.24)fln(337.4residual +=φ       [R2 = 0.9819] (5-19) 
 1888.0residual )f(883.23=φ       [R2 = 0.9755] (5-20) 
Where f is the interparticle friction coefficient (f = tan φµ) and µ is the 
interparticle friction angle.   
5.8.2 Confining pressure (500 KPa), voids ratio (0.25), and 2394 particles 
The shear stress-shear strain and volumetric strain-shear strain curves are shown 
in fig. (5-46) and (5-47).  The results show that the peak was not defined for friction 
coefficient 0.25, 0.50, 0.75, and 1.00, whereas for higher friction coefficients, peak 
strengths are observed and they increased with increasing the interparticle friction.  The 
rate of increase decreases for higher interparticle frictions.  The critical state shear 
strength slightly increased with increasing interparticle friction and was almost identical  
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Figure 5-42. Shear stress-shear strain curves for different interparticle friction 
coefficients (circular particles)     
Figure 5-43. Volumetric strain-shear strain curves for different interparticle friction 
coefficients (circular particles)     
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Figure 5-44. Maximum volumetric strain versus interparticle friction coefficient  
(circular particles)     
2
3
4
5
6
7
8
0.0 0.5 1.0 1.5 2.0 2.5 3.0
Interparticle friction coefficient
M
ax
im
um
 V
ol
um
et
ric
 S
tra
in
, %
   
Confining Pressure = 1.0 MPa
Voids Ratio = 0.162
Figure 5-45. Maximum dilation and residual shearing resistance angles versus 
interparticle friction coefficient (circular particles) 
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for interparticle friction coefficients higher than 1.50.  The volumetric strain-shear strain 
plot (fig. 5-47) shows that the volumetric strain increases with increasing interparticle 
friction but again, the rate of increase decreases for higher values.  For friction coefficient 
of 0.25, contraction was observed.  The maximum rate of dilatancy increased 
dramatically for lower interparticle frictions and was almost identical for values higher 
than 1.50.  The effect of interparticle friction on maximum volumetric strain, maximum 
dilation angle, and residual shearing resistance angle are summarized in figs. (5-48) and 
(5-49), which can be expressed as follows: 
 1442.3)fln(4807.2)( maxv +=ε       [R2 = 0.9675] (5-21)  
 239.0)fln(2242.0max +=ψ       [R2 = 0.9883] (5-22) 
 2273.0max )f(083.30=ψ       [R2 = 0.9384] (5-23)        
 552.30)fln(3864.6residual +=φ       [R2 = 0.9539] (5-24) 
5.8.3 Confining pressure (250 KPa), voids ratio (0.35), and 2215 particles 
The shear stress-shear strain and volumetric strain-shear strain relationships are shown in 
fig. (5-50) and (5-51).  The results show that the peak was not defined for all friction 
coefficients.  The critical state shear strength slightly increased with increasing 
interparticle friction and was almost identical for interparticle friction coefficients higher 
than 1.25.  The volumetric strain-shear strain plot (fig. 5-51) shows that the volumetric 
strain increases with the increase of the interparticle friction but at a decreasing rate for 
higher values.  At f = 0.25, contraction is observed, while a slight decrease and then 
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Figure 5-46. Shear stress-shear strain curves for different interparticle friction 
coefficients (circular particles)     
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Figure 5-47. Volumetric strain-shear strain curves for different interparticle friction 
coefficients (circular particles)     
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Figure 5-48. Maximum volumetric strain versus interparticle friction coefficient  
(circular particles)     
-1
0
1
2
3
4
5
6
0.0 0.5 1.0 1.5 2.0 2.5 3.0
Interparticle friction coefficient
M
ax
im
um
 V
ol
um
et
ric
 S
tra
in
, %
   
Confining Pressure = 500 KPa
Voids Ratio = 0.25
Figure 5-49. Maximum dilation and residual shearing resistance angles versus 
interparticle friction coefficient (circular particles) 
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Figure 5-50. Shear stress-shear strain curves for different interparticle friction 
coefficients (circular particles)     
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Figure 5-51 Volumetric strain-shear strain curves for different interparticle friction 
coefficients (circular particles)     
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Figure 5-52. Maximum volumetric strain versus interparticle friction coefficient  
(circular particles)     
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Figure 5-53. Maximum dilation and residual shearing resistance angles versus 
interparticle friction coefficient (circular particles)   
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increase in volume was observed at f = 0.5.  The maximum rate of dilatancy increased 
noticeably for lower values of interparticle frictions.  The effect of interparticle friction 
on maximum volumetric strain, maximum dilation angle, and residual shearing resistance 
angle are summarized in figs. (5-52) and (5-53), which can be expressed as follows: 
 2592.3)fln(1077.3)( maxv +=ε       [R2 = 0.9540] (5-25)  
 1908.0)fln(2695.0max +=ψ       [R2 = 0.9340] (5-26) 
 757.38)fln(504.7residual +=φ       [R2 = 0.9473] (5-27) 
5.9 The equivalent interparticle friction coefficient 
The critical state lines corresponding to circular particles using different 
interparticle friction coefficients are shown in fig. (5-54).  The critical state lines shifted 
up and became more steep with the increase of the interparticle friction coefficient.  
Contraction was observed for (f = 0.25) under confining pressures of 250KPa and 
500KPa because the initial conditions define a contractive soil.  The results show that the 
numerical simulations are very sensitive to the selected interparticle friction 
coefficient/angle.   
As stated in many research studies, the main obstacle to the DEM is that 
simulations are time consuming especially when actual particle shapes are used along 
with large number of particles.  Unless the DEM is able to simulate millions of particles 
with their actual shapes, no actual scale problems can be accurately simulated.  Another 
alternative is to change some properties of circular particles to control their behavior such 
that they reproduce the behavior of angular particles.  The circular particles, although not 
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a true representation of the particles, are the most efficient shape to model.  Computation 
time is very small compared to the most effective alternative schemes that utilize other 
shapes.  
Interparticle friction coefficient is one of the most significant properties in DEM 
simulations.  As shown in fig. (5-54), the interparticle friction angle affects the position 
of the critical state line.  It was observed also that the critical state lines for different 
angularity and shape groups were shifted up with respect to that of circular particles.  To 
this extent, it may be possible to adjust the interparticle friction angle to account for the 
particle shape characteristics.  The target interparticle friction coefficient can be extracted 
by re-plotting the critical state line for the required angularity or shape group on top of 
the critical state lines shown in fig (5-63) and choose the interparticle friction that 
matches the critical state line for the group.   
The procedure was applied for the three angularity groups (AF1, AF2, and AF3) 
and the results are shown in fig. (5-55).  The results show that the critical state line for 
each angularity group varies as a function of friction values, so it would not be accurate 
to choose an equivalent value of friction to account for the angularity.  One option is to 
continuously alter the friction coefficient as a function of e-p/ state in order to match the 
response of the angular particles.   
The procedure was repeated for the three shape groups (SF1(AF 15-25), SF2(AF 
15-25), and SF3(AF 15-25)) and the results are shown in fig. (5-56).   
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Figure 5-54. Critical state lines for different interparticle friction coefficient     
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Figure 5-55. Critical state lines for circular particles (different interparticle friction 
coefficient) along with those for different angularity factor groups (f = 0.5)      
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Figure 5-56. Critical state lines for circular particles (different interparticle friction 
coefficient) along with those for different modified shape factor groups (f = 0.5)      
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5.10 Discussion 
The effect of particle shape and angularity characteristics on strength and 
dilatancy properties was studied by performing discrete element numerical simulations of 
the triaxial test under pure shear conditions.  A modification of the particle shape 
characterization procedure proposed by Sukumaran and Ashmawy (2001) was 
introduced.  A total of 99 particles were divided into different particle shape and 
angularity groups.  The modeled pure shear test was performed on circular particles as a 
reference and on different shape and angularity groups under three different initial 
conditions.  The shear stress-shear strain and volumetric strain-shear strain curves were 
developed for circular and different particle group.  The dependency of maximum 
volumetric strain, maximum dilation angle, and the resulted residual shear strength angle 
on shape and angularity factors was explored.  The critical state lines for shape and 
angularity groups along with the corresponding lines for circular particle were drawn.  It 
is concluded that the critical state lines, for different shape and angularity groups, were 
shifted up compared with that of the circular particles, which indicates an increase of 
volumetric strain and hence dilation.  The effect of interparticle friction coefficient on the 
behavior was studied.  Again, the critical state lines showed significant dependency on 
interparticle frictions.  An attempt was made to use an equivalent interparticle friction to 
model different particle shapes.  It was concluded that there is no one-to-one equivalency 
between interparticle friction and shape or angularity.  Instead, the interparticle friction 
must be continuously altered as a function of confining pressure and void ratio to achieve 
the required effect.   
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It is noted that the numerical simulation resulted in relatively high dilation rates 
and volumetric strains compared to typical experimental values.  This is attributed to two 
causes.  First, because the simulations are two-dimensional, the tendency of particles to 
interlock is higher than in 3-D due to the restriction enforced on the third degree of 
freedom.  Second, because the sample is relatively small in size, the deformation is 
uniform across the sample and no shear banding or strain localization occurs.  In addition, 
the pure shear loading conditions further suppresses strain localization.  If a larger 
assembly is simulated, it is likely that strain localization will occur and smaller 
volumetric strains will be observed. 
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CHAPTER SIX: SUMMARY AND RECOMMENDATIONS 
A thorough study of modeling angular particles using DEM has been performed.  
The Particle Flow Code (PFC2D) was used to perform the numerical simulations.  The 
study can be divided into three main parts.  The first part is the experimental verification 
of the ability of DEM to model angular particles using the ORC method.  The second part 
is the modification of the ORC method to ensure an identical center of gravity and mass 
moment of inertia for both actual and created particles and to define a user-independent 
particle creation procedure.  The third part of the study is studying the effect of particle 
shape and angularity on the dilatancy of angular soils. 
6.1 Summary 
An experimental setup was built and model particles were manufactured and 
modeled numerically.  The experimental test results of five identical tests were compared 
qualitatively and quantitatively with the corresponding numerical simulation.  The ORC 
technique was found to be effective in modeling the behavior of angular particle 
assemblies.  While particle displacements and rotations of both the numerical and 
experimental systems were almost identical at small displacements, larger differences 
were observed at high displacements, even among the five experimental tests that have 
been performed ensuring identical initial and boundary conditions.  This variability is
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 attributed to minor changes in the initial conditions, as well as other inherent 
uncertainties in the system, and cannot be avoided.  The ORC simulated system behavior 
is within the range of the five experimental tests.  The experimental validation was 
extended to a different type of sands.  The experimental setup was altered to induce a 
different mode of disturbance to the model grains.  A parametric study has been 
conducted to study the effect of interparticle friction, contact stiffness, and global 
damping on the rotations and displacements of the model particles.  The results indicated 
that the global damping is a critical parameter in DEM modeling and must be carefully 
selected.  The effect of interparticle friction and normal contact stiffness on the response 
was also evaluated. 
A modification for the ORC technique was presented and verified for both 
rounded and angular particles.  The modification ensures an identical mass, center of 
gravity, and mass moment of inertia for both the actual and the created particles.  A 
conditional element addition sequence was proposed in order to facilitate the future 
automation of the procedure.  The compatibility equations were imposed to the 
compatibility elements/discs to determine their modified density.  The method was 
verified manually using Fraser river sand particle # 4 as a highly angular particle and 
Michigan sand particle # 1 as a rounded particle.  The modified ORC method was found 
to be applicable for both sand particles and should be applicable for almost all particle 
shapes, which may need more iteration to reach the final densities.  The modified ORC 
can be considered a step forward in improving the modeling of angular particle using 
DEM especially in dynamic applications.   
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Discrete element numerical simulations of pure shear conditions were performed 
for different particle shape and angularity groups.  The modified shape factor and the 
angularity factor were used to separate particles into shape and angularity groups.  The 
stress-strain-volume curves were presented and analyzed.  The critical state lines for 
shape and angularity groups along with the corresponding lines for circular particles were 
determined.  The critical state lines, for different shape and angularity groups, were 
shifted up compared with that of the circular particles, which indicates an increase of 
volumetric strain and hence dilation.  The effect of interparticle friction coefficient on the 
behavior was studied.  Again, the critical state lines showed significant dependency on 
interparticle frictions.  An attempt was made to use an equivalent interparticle friction to 
model different particle shapes.  It was concluded that there is no one-to-one equivalency 
between interparticle friction and shape or angularity.  Instead, the interparticle friction 
must be continuously altered as a function of confining pressure and void ratio to achieve 
the required effect.         
6.2 Recommendations for future studies 
Further research is required to evaluate and compare the inter-particle contact 
forces obtained from the experimental tests and the numerical simulation.  Different 
experimental setups that involve high interparticle contact forces should be constructed 
and verified numerically. The photo-stress technology may present a viable approach to 
perform the contact force comparison. 
The automation of the modified ORC method is essential to facilitate and expand 
the number of created particle.  The modified ORC method should be used to run 
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dynamic problems and the results should be compared to the original ORC method to 
address the increase of simulations accuracy.  The extension of the ORC method to the 
three dimension actual particle simulations can be considered a cutting edge future 
research topic. 
The work should be extended to larger number of particle shape and angularity 
groups under various initial confining pressures and porosities.  There is a need for a 
fundamental theory that explains particle movement during shear and how the 
interlocking resistance develops.  The equivalent interparticle friction coefficient is an 
interesting research topic for the future of modeling angular particles. 
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Appendix A: theory and background of DEM 
A.1 Calculation cycle 
The calculations performed in the discrete element method alternate between the 
application of Newton’s second law to the discs and a force displacement law at the 
contacts.  Using Newton’s law, the motion (displacement, velocity, and acceleration) of a 
particle can be determined, whereas the force-displacement law is used to determine the 
contact forces from displacements/overlaps, Cundall and Strack (1979).  The calculation 
cycle is shown in fig. (A-1).     
A.2 Force-displacement law 
Two discs are taken to be in contact if the distance between their centers, D, is 
less than the sum of their radii, Rx, Ry, fig. (A-2). According to fig. (A-2), the normal and  
tangential components of the relative velocities can be given, Cundall and Strack (1979), 
as: 
 iiiii eyxeXn ⎟⎠
⎞⎜⎝
⎛ −== ••••  (A-1) 
 ⎟⎠
⎞⎜⎝
⎛ θ+θ−⎟⎠
⎞⎜⎝
⎛ −== •••••• yyxxiiiii RRtyxtXs  (A-2) 
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Figure A.1. Calculation cycle for the DEM 
Figure A.2. Force-displacement law in DEM 
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The time integration of the velocity gives the relative displacement components in 
the normal and tangential direction as: 
 teyxtnn iii ∆⎭⎬
⎫
⎩⎨
⎧ ⎟⎠
⎞⎜⎝
⎛ −=∆=∆ •••  (A-3) 
 tRRtyxtss yyxxiii ∆⎭⎬
⎫
⎩⎨
⎧ ⎟⎠
⎞⎜⎝
⎛ θ+θ−⎟⎠
⎞⎜⎝
⎛ −=∆=∆ •••••  (A-4) 
Applying the force-displacement law using the contact stiffness properties and the 
derived normal and tangential displacements, the normal and shear forces increments can 
be calculated as follows: 
 teyxKnKF iiinnn ∆⎭⎬
⎫
⎩⎨
⎧ ⎟⎠
⎞⎜⎝
⎛ −=∆=∆ ••  (A-5) 
 tRRtyxKsKF yyxxiiisss ∆⎭⎬
⎫
⎩⎨
⎧ ⎟⎠
⎞⎜⎝
⎛ θ+θ−⎟⎠
⎞⎜⎝
⎛ −=∆=∆ ••••  (A-6) 
The force increments are then added to the sum of all forces in order to determine 
the final forces after this particular time step: 
 ( ) ( ) n1NnNn FFF ∆+= −  (A-7) 
 ( ) ( ) s1NsNs FFF ∆+= −  (A-8) 
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A coulomb-type friction law is then incorporated by comparing the magnitude of 
the shear/tangential force, Fs, with the maximum possible shear strength: 
 CtanFF Nmax,S +φ= µ  (A-9) 
Where, φµ is the smaller of the inter-particle friction angles of the two discs in 
contact and C is the smaller of their cohesions.  If Fs is larger that Fs,max, Fs is set equal to 
Fs,max preserving the sign of Fs.  The resultant forces and moments can then be 
determined.  Using Newton’s second law, the linear and angular accelerations can be 
determined and the cycle continues.    
A.3 Motion  
In order to determine the linear and rotational velocity used in the force-
displacement law, the current resultant force and moment at time tN is assumed to be 
constant during the period from tN-1/2 to tN+1/2.  Newton’s law can then be applied as: 
 xiix Fxm Σ=
••
 (A-10) 
 xxx MI Σ=θ
••
 (A-11) 
Knowing the moment of inertia, Ix and the mass, mx, and assuming that the linear 
and rotational accelerations are constants during the time step, the linear and rotational 
velocity can be determined as follows: 
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⎤⎢⎣
⎡Σ+⎟⎠
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x ∆⎥⎦
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⎡Σ+⎟⎠
⎞⎜⎝
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•
+
•
 (A-13) 
The new values for the velocities are used to update the positions and rotation of 
the discs as: 
 ( ) ( ) txxx
2
1N
iNi1Ni ∆⎟⎠
⎞⎜⎝
⎛+=
+
•
+  (A-14) 
 ( ) ( ) t
2
1N
xNx1Nx ∆⎟⎠
⎞⎜⎝
⎛θ+θ=θ
+
•
+  (A-15) 
A.4 Damping 
Two forms of damping are introduced, friction damping and viscous damping.  
Friction damping occurs during sliding when the absolute value of the shear force at any 
point is Fsmax.  Viscous damping can be expressed in two types of damping, contact and 
global damping.  Contact damping, which can be envisioned as resulting from normal 
and shear contact dashpots, operates on the relative velocities at the contacts.  A damping 
force should be included in the force summation.  The damping force will affect the 
moment summation as well: 
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The contact damping force in normal and tangential directions can be expressed 
as:  
 ( ) i
2
1N
iinnNn eyxcncD
−
•••
⎟⎠
⎞⎜⎝
⎛ −==  (A-18) 
 ( )
⎪⎭
⎪⎬
⎫
⎪⎩
⎪⎨
⎧
⎟⎠
⎞⎜⎝
⎛ θ+θ−⎟⎠
⎞⎜⎝
⎛ −==
−
••
−
•••
2
1N
yyxxi
2
1N
iissNs RRtyxcscD  (A-19) 
 nn Kc β=  (A-20) 
 ss Kc β=  (A-21) 
The global damping, which may be envisioned as the effect of dashpots 
connecting each particle to ground, operates on the absolute velocity of the discs and is 
included in the calculation of motion: 
 [ ] ixixiix xCDFxm ••• −+Σ=  (A-22) 
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 xxxx CMI
•∗•• −Σ= θθ  (A-23) 
 xmC α=  (A-24) 
 xIC α=∗  (A-25)  
A.5 Energy dissipation  
Energy is dissipated in the discrete element model through friction, contact, and 
global damping in order that the assemblies reach a state of equilibrium for all conditions.   
A.6 Time step 
To keep the numerical scheme stable, the time step should be less than the critical 
time step.  The critical time step can be estimated on the basis of single degree of 
freedom, SDOF, system of mass (m) connected to ground by spring of stiffness (k) as: 
 
k
m2t =  (A-26) 
A.7 Input parameters  
The input parameters for the discrete element codes can be divided into geometric 
and physical properties.  The geometrical data may include positions and orientations of 
straight rigid boundaries (usually strain-controlled boundary) and positions and radii of 
discs.  The physical Properties such as disc density, cohesion, inter-particle friction  
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coefficient, shear contact stiffness, and normal contact stiffness should be included.  Also 
contact damping, global damping, and time step are very important inputs.               
A.8 Contact constitutive models  
Simple constitutive models at the contact are used to simulate the overall behavior 
of an array of particles.  Three main categories of constitutive modeling are applied, a 
stiffness model, a slip model, and a bonding model.  Among these models, the contact-
stiffness models will considered here in more details.  Two contact-stiffness models are 
available, the linear elastic and Hertz-Mindlin contact model.  It is also possible for the 
user to input a user-defined contact model that is different from the built-in contact 
stiffness models.  The linear elastic contact model is defined by the normal and shear 
stiffness, kn and ks, for ball-to-ball and ball-to-wall.  The contact normal stiffness can be 
expressed as:  
 B
n
A
n
B
n
A
nn
kk
kkk +=  (A-27) 
The contact shear stiffness can be expressed as: 
 B
s
A
s
B
s
A
ss
kk
kkk +=  (A-28) 
 205 
Appendix A (continued) 
The Hertz-Mindlin contact model is a non-linear contact formulation based on the 
approximation of the theory of Mindlin and Deresiewicz (1953). It is applicable only to 
the case of spheres in contact.  It doesn’t reproduce the continuous nonlinearity in shear.   
Also it cannot be used between two balls that are joined by contact bond “not 
defined for tension”.  The contact normal stiffness can be expressed as: 
 ( ) n
\
n U
13
R2G2
k ⎟⎟⎠
⎞
⎜⎜⎝
⎛
ν−=  (A-29) 
The contact shear stiffness can be expressed as: 
 
( )( ) 3/1n
i
3/1\2
s F
2
R13G2
k ⎟⎟
⎟
⎠
⎞
⎜⎜
⎜
⎝
⎛
ν−
ν−=  (A-30) 
Where, Un is the sphere overlap, and ׀Fn׀ is the magnitude of the normal contact 
force.  For ball-to-ball contact, the multipliers are given by: 
 BA
BA
\
RR
RR2
R +=  (A-31) 
 ( )BA GG
2
1G +=  (A-32) 
 ( )BA
2
1 ν+ν=ν  (A-33) 
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For ball-to-wall contact, the multipliers are given by: 
 ball\ RR =  (A-34) 
 ballGG =  (A-35) 
 ballν=ν  (A-36 
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